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Production Surfaces and Economic Optima 
for Corn Yields With Respect to 
Stand and Nitrogen Levelsl 
BY JOHN T. PESEK, EARL O. HEADY, JOHN P. DOLL AND R. P. NICHOLSON 
This study presents production functions for three 
experiments on corn in Iowa. It is fourth in a series 
of studies designed to derive corn response surfaces, 
yield isoquants and economic optima in fertilizer use.:! 
It differs from previous studies in that, for the first 
time, stand (plant population) is included as a variable 
input along with a plant nutrient (nitrogen). The 
analysis permits estimation of yield response to stand 
and to nitrogen as well as to the interaction between 
stand and nitrogen. Knowledge of this type is relevant, 
not only for farm recommendations, but also for im-
proved planning of fertilization experiments. 
The first experiment reported involved stand levels 
on Shelby loam and was conducted in Ringgold 
County in 1956. The other two experiments reported 
were conducted in 1953, with variable stand and 
nitrogen levels on Marshall and Seymour silt loams, 
respectively, and were located in Fremont and Wayne 
cOl.mties.3 Each of these experiments included an 
early and an adapted variety of corn (Iowa 4297 or 
Iowa 4397 and A.E.S. 801, respectively). 
Weather conditions varied for the experiments in-
cluded in this study. In general, rainfall was below 
normal and temperatures were above normal for the 
experiments on the Marshall and Seymour soils in 
1953. Although severely limiting during the first part 
of the growing season, rainfall was nearly average 
for the Shelby experiment in 1956. More complete 
weather summaries are included in the descriptions 
of the experiments. Productivity coefficients tended 
to be smaller, relative to their standard errors, when 
rainfall limited yields. The nature of response surfaces 
in dry years, however, is as important, from the stand-
point of recommendations to farmers and decisions by 
them, as responses in favorable years. Farmers must 
make decisions in years with below-average rainfall 
as well as in years with average or above-average 
1 Projects 1193, 1293, 1189 and 1148, Iowa Agricultural ancl Hun,.. 
Economics Experiment Station. 
• Foregoing studies are: Heady, Earl 0., Pesek, John T. and Brown, 
Willian1 G. Conl response surfaces and economic optima in fertilizer 
use. Iowa Agr. Exp. Stn. Res. Bul. 424. 1955; Brown, William G., 
Heady, Earl 0., Pesek, .John T. and S.tritzel,. Jos~ph A. Proo.uction 
fW1ctions~ isoquants, isoc1mes and econOl.TIle optim~l In com fertIhzatIon 
for exneriments with two and three variable nutrIents. Iowa Agr. Exp. 
Sta. Res. Bul. 441. 1957; and Doll, John 1'., Heady, Earl O. and Pesek. 
John T. Fertilizer production functions for com and oats; including 
an. analysis of irrigated and residual rf"Spons('s. Iown Agr. and Home Econ. 
Exp. Stn. Res. Bul. 463. 1958. 
3 The fanner cooperator for the ex-periment on ~1'nrshall soil was DuanE' 
Brcdenstcincr, Shcnandm.h, Iowa. The experiJ1ll"nts On Seymour ancl Shelby 
soils were conducted On the Seymour-Shdhy ancl GJ1ll1dy-Sbclhy experi-
mental fanns. 
rainfall. Thus, yield phenomena of the nature re-
ported are necessary for improvement in the choice-
making domain of farm operators. 
This report gives an economic analysis of response 
functions obtained in experiments where stand or 
stand and fertilizer nitrogen were variables. Other 
problems in this area of research (e.g., uncertainty 
of predictions and choice of algebraic functions) are 
not discussed in detail. The recommendations pre-
sented are not for farmer use. Findings included in 
this publication will be converted to popular form 
for use by farmers and will help serve as the basis 
for recommendations to farmers. 
EXPERIMENT WITH STAND ON SHELBY 
LOAM,1956 
The variables included in the experiment on Shelby 
loam were stand (number of plants per acre) and 
variety. A split plot design was used, with stand in 
the whole plots and varieties in the subplots. This 
basic design was replicated nine times. The two 
varieties of corn were Iowa 4297, an early hybrid in 
this area, and A.E.S. 801, an adapted and later matpr-
ing variety. Because of differences in marurity, variety 
4297 is expected to have higher yields in years 
of severe moisture stress and extreme heatm 
late summer because it tends to produce less stover 
and pollinates before the onset of possible severe 
midsummer temperatures. Variety 801 is expected to 
have higher yields in years with good growing sea-
sons because it has a longer growing period. Four 
stand levels of approximately 8,000, 12,000, 16,000 
and 20,000 plants per acre were used. 
The mean yields resulting from mean stand levels 
of the two varieties in the experiment are presented 
in table 1. The data suggest that decreasing total 
TABLE 1. ~1EAN YIELDS OF TWO CORN VARIETIES AS AFFECT-
ED BY STAND LEVELS ON SHELBY LOAM, 1956. WHOLE PLOT 
TREATMENTS AHE STAND LEVELS, AND VAHIETIES AHE SUB-
PLOT TREATMENTS. 
Variety A.E.S. SOl Vari,·ty Iowa 4297 
Stand a 
73 
100 
129 
14S 
Yield Stand' Yit'ld 
hll./ A. bu./ A. 
.. ----------------
. .6n.7 73 . . . .. 55.4 
69.6 114 . . . . .. 71.0 
n.4 IM ........ R~ 
75.9 172 .. 81.6 
---- ------- --_._----_._---------
l'Strmd is m{'a~uT('d in IOO-plant \lnits lwr aCf{', 
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yields occur for A.E.S. 801 at lower stand inputs than 
for Iowa 4297. The highest average yield attained 
by A.E.S. 801 was 78.4 bushels; the lowest was 60.7 
bushels per acre. For Iowa 4297, mean yields varied 
from 55.4 to 81.6 bushels per acre. 
REGRESSION ANALYSIS 
Equations containing quadratic and square root 
transformations of the original stand variables were 
considered most appropriate for this experiment. Since 
yield response of the varieties differed, the equations 
below were fitted to each variety. 
"£" = 17.6943 + 0.7545S - 0.002215S2 (1) 
'2' = - 56.1118 + 19.3397S% - 0.671955S (2) 
? = 25.8238 + 0.4915S - 0.000868S2 (3) 
'2' = -10.3107 + 8.9033S% - 0.132640S (4) 
Equations 1 and 2 are the quadratic and square 
root transformation of the quadratic equation fitted to 
the observations for variety 801 while, in the same 
order, equations 3 and 4 are the two equations fitted to 
the observations for variety 4297. In the equations, "£" is 
the predicted com yield in bushels per acre, and S is 
stand (population) level expressed in units of 100 plants 
per acre. (This coding of stand is used in all equations.) 
Equations 1 and 2, fitted to variety 801, have R2 
values of 0.6411 and 0.6390, respectively; those fitted 
to variety 4297 both have an R2 of 0.7587. Values of t 
and their probability levels are given in table 2. For 
either variety, values of t for the quadratic equation 
are larger than those of the square root equation even 
though the coefficients of determination of the equa-
tions are similar. 
Although the square root equations predict, within 
relevant input ranges, total yields similar to those of 
the quadratic equations, the quadratic equations are 
regarded as more appropriate for economic analysis 
because (a) the probability levels associated with the 
coefficients are lower along with a fit which is equal 
or superior and (b) maximum yields predicted by the 
quadratic equations are more in line with other 
observations. That is, the values of t and coefficients 
of determination are larger and the linear marginal 
product equations of the quadratic forms are forced 
to zero at lower inputs of stand than are the curved 
marginal equations of the square root forms. Accord-
ingly, since the cost of stand is small compared with 
corn prices, optimum inputs predicted by square root 
TABLE 2. VALUES OF t FOR TIlE COEFFICIENTS OF EQUA-
TIONS 1 TO 4 EXPRESSING CORN YIELD AS A FUNCTIO:-J OF 
STAND ON SHELBY LOAM IN 19.56. 
Variety A.E.S. 801 ~ltiet~_~~.". 4297 
E .. 
" j.f'~ = .... " ~ .c.!:.. Type of Coeffi- '.a~ = ~] .E :; e -;; sa 
" 
..0 .... I!. 
t:quation dent 
co= 
;. £].§ ~ :: ;. e~ ~ ~= ~ $" ~ "'--
Quadratic S 2.52 0.02 2.39 0.05 
(~quation 3 
S" 1.65 0.20 1.06 0.30 
Square Sl> 1.59 0.20 1.05 0.30 
root 2 4 
equation S 1.14 0.30 0.34 0.80 
• Probability of drawing at-value IL' large or larger by chance, given the 
null h)'Pothesis. 
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TABLE 3. ANALYSES OF VARIANCE FOR EQUATION 1, VARIETY 
A.E.S. 801. AND EQUATION 3. VARIETY IOWA 4297, EXPRESSING 
YIELD AS A QUADRATIC FUNCTION OF STAND ON SHELBY 
LOAM IN 1956. 
Degrees Sum. 
Equation of of Mean 
number Source of variation freedom squares square F 
Total 32 3,697.43 Due to regreSSion 
Deviations from 2 2.370.50 1,185.25 26.78·· 
regression 30 1,326.93 44.23 
Total 35 5,372.75 
Due to regression 2 4.076.39 2,038.20 51.8900 
Deviations from 
rt~gression 33 1,296.36 39.28 
•• Significant at the 0.01 level of probability. 
functions (a) are much larger than the predictions of 
the quadratic equations and (b) exceed the limits of 
empirical observations.4 Analyses of variance for the 
quadratic equations are presented in table 3. 
PREDICTED YIELDS~ 
Yields predicted for varieties 801 and 4297 are 
presented in table 4 and are expressed graphically in 
fig. 1. They are obtained by substituting the stand 
inputs listed in the table into equations 1 and 3, 
respectively. For input rates of 14,000 plants or lower, 
801 is the higher yielding variety. For plant inputs of 
16,000 and above, the reverse is true. This results 
from the fact that A.E.S. 801 tends to produce heavier 
ears than Iowa 4297 under conditions of the mild 
• The optimum inputs predicted by tho two types of equations arc 
more comparable for variety A.E.S. 801 than for variety Iowa 4297. 
Sec Iowa Agr. Exp. StR. Res. Bul. 441 for a more detailed d,'scription of 
differences between these two types of equations. 
;. Throughout the analyses presented in this bulletin, tabular ValUl'S 
may differ slightly from those calculated from equations listed bf'Cansc 
of rounding of coefficient. for publication. 
TABLE 4. PREDICTED CORN YIELDS OF TWO CORN VARIETIES 
ON SHELBY LOAM IN 1956 (BUSHELS PER ACRE). 
Number of plan_~ p~r acr_o" ___ _ 
0 0 0 0 0 0 
Equation 0 0 0 0 0 0 
° 
0 
0 0 0 q 0 <:> <:> o. number Variety 0 <:>. 0 
'" 
..; q;) as 
° q;) 00 .... .... ..... .... .... 
'" 
1 801 55.0 63.9 71.0 76.3 79.9 81.7 81.7 80.0 
3 4297 52.2 59.6 66.3 72.3 77.6 82.2 86.2 89.4 
• Notice that the 20.000 plant input is extrapolated somewhat heyond 
empirical limits for both varieties, while the 18,000 is beyond. the limits 
of variety 801. 
w 
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NUMBER OF PLANTS PER ACRE 
Fig. 1. Yield response of com to plant population on Shelhy loam in 
1956. 
competition among plants present at low stands. More 
severe competition ,causes the ear size of the later 
maturing hybrid to decrease more rapidly than that of 
the early hybrid. Also, within the range of inputs 
listed in table 4, decreasing total yields are not pre-
dicted for variety 4297, although the first derivative 
of equation 3 closely approaches zero at a stand of 
20,000. The respective marginal product equations for 
varieties 801 and 4297 are 
d)" 
- = 0.7545 - 0.0044S, and 
dS 
d)" 
- = 0.4915 - 0.00178 
d8 
(5) 
(6) 
and were obtained by taking the first derivatives of 
functions 1 and 3. The marginal product for any stand 
level may be found by substituting the particular 
quantity (particular stand level) into these equations. 
The marginal products for stand levels included in 
table 5 were calculated in this manner. 
As with total yields, marginal yields of variety 801 
are larger than those of variety 4297 at low input 
levels but smaller at high input levels. The rate at 
which the marginal products decrease can be com-
pared by examining equations 5 'and 6; the coeffi-
cients of the stand terms represent the slopes of the 
marginal product curves. The' slope of the marginal 
curve for variety 801 is more than twice as great as 
that of variety 4297. The marginal products are equal 
at 9,759 plants per acre when the predicted yields 
are 70.22 and 65.52 bushels per acre for varieties 
801 and 4297, respectively. By equating the marginal 
product equations at zero, the input level at which 
total yield is a maximum can be found. For variety 
801 the yield level at the point of zero marginal 
product is 81.9 bushels and is obtained at a stand 
level of 17,000 plants per acre; for variety 4297 it is 
95.4 bushels at a stand level of 28,300 plants. While 
the stand input with a zero marginal product for 
variety 801 is approximately on the upper limit of 
the empirical observations, it is far beyond this limit 
for variety 4297. 
COSTS OF STAND AND OPTIMUM RATES 
The cost (price) of stand per 100 plants is affected 
by the number of kernels planted. Robinson and 
Bryan6 have shown that as the number of kernels 
planted per acre increases, the percentage of plants 
reaching maturity decreases, and their data (shown 
• Robinson, J. L. and Bryan, A. A. Iowa Com Yield Tests, Results for 
1926 Tests. 1927. 
TABLE 5. MARGINAL PRODUCTS OF TWO VARIETIES OF CORN 
ON SHELBY LOAM (BUSHELS PER ACRE PER 100 PLANTS PER 
ACRE). 
Number of plants per acre 
0 0 
. 
8 0 0 0 Equation 0 0 0 0 0 0 0 
number Variety 0 0 q q q q q ~ q q 0 
'" ! '" 
co 
'" 
co 
"" 
.... ... ... Col 
5 SOl 0.49 0.40 0.31 0.22 0.13 0.05 -0.04 -0.13 
6 4297 0.39 0.35 0.32 0.2S 0.25 0.21 O.lS 0.14 
• Stand level of 20,000 is extrapolated beyond empirical limits for both 
varieties, and the 18,000 plant I~vt'l is heyond the limits for variety 801. 
TABLE 6. COST OF STAND FOR DIFFERENT SEEDING RATES 
AND TYPES OF SEED.-
No. of com 
Seeding rates plants 
Cost of 100 plants 
using flat kernels 
of kernels actually Percent 
~acr~btained~rv~Large Medium Small 
-- -
8,000 6,720" 84 $0.012 
12,000 9,600 SO 0.01l 
16,000 12,160 76 0.013 
20,000 14,800 74 0.014 
24,000 17,280- 72 0.014 
$0.012 $0.010 
0.013 0.011 
0.014 0.012 
0.014 0.012 
0.014 0.012 
_~00 __ 19,S80·_, __ 71 0.014 0.015 0.012 
No. of com 
Seeding rates plants 
Cost of 100 plants 
using round kemels, , 
of kernels actually Percent 
_-"'p.::::er'-RC=re'----..:o:.=btain,.::ced=-----'s=urviv~~arg~dium=____'S::.:m:::al:::l_ 
S,OOO 6,720 S4 $0.013 $0.012 $0.010 
12,000 ,9,600 80 0.014 00 .. °011'33 , 0.010 
16,000 12,160 76 0.015 0.011 
20,000 14,SOO 74 0.015 0.014 0.01I 
24,000 17,280· 72 0.015 0.014 0.012 
28,000 19,880· 71 0.016 0.014 0.012 
• Numbers of kemels per bushel Were calculated from data obtained 
from Iowa Crop Improvement Ass'n. Mean seed sizes of seed stock on 
Jan. 1, 1956, Private communication: Survival rates from Robinson, J. L. 
and Bryan, A. A., loc. cit.; and seed com prices from Ramirez, R. E. 
Some factors affecting grain sizing characteristics of Single cross com 
hybrids. Unpublished M.S. thesis. Iowa State University Library, Ames, 
Iowa. 1955. Costs per busbel of seed com are: large flat. $10.50; 
medium flat, $12.20; small flat, $12.20; large round, $8.50; medium 
round, $9.90; and small round, $9.90. 
• These results were obtained in 40 x 40 inch hills, while the experiments 
were planted in 20 x 40 inch hills. The assumption that the spacing 
will not affect the results may not be completely valid but is made, in 
tbe absence of more appropriate data, to illustrate a concept. 
• Extrapolated valu!'s. 
in table 6) were used as a basis for computing the 
number of kernels to plant per acre in order to achieve 
given stand levels. Because of this varying survival 
rate, the cost of a unit of stand increases with stand 
level. The costs per 100 plants presented in table 6 
have been calculated considering (a) the rate of plant 
survival at various seeding rates, (b) the number of 
kernels in a bushel of seed com with each shape and 
size of kernel and (c) the price per bushel of each 
type of seed com. 
Profit maximizing stand levels can be calculated by 
equating marginal product equations to input-product 
price ratios: i.e., the cost of stand per unit divided 
by the price per bushel of com grain produced. Hence, 
the quantities presented in table 7 were obtained by 
equating equations 5 and 6 to the price ratios, based 
on the prices shown in the table, and solving for 
the optimum levels of stand. These stand levels were 
substituted into equations 1 and 3, the production 
functions for varieties 801 and 4297, respectively, 
to obtain the predicted corn yields when plant popu-
lation is at an economic optimum level. Profits from 
use of optimum seed inputs or stand levels were 
calculated by subtracting variable costs of optimum 
quantities of stand from the value of the added pro-
duct, considering yield levels resulting from 6,000 
plants as the minimum yield.7 
For either variety, the optimum number of plants 
per acre varies only by small amounts as price ratios 
change because the absolute cost of seed to get 100 
plants is small relative to the price per bushel of 
corn grain. with a corresponding low price ratio. 
Stand level thus can be increased to a point where 
marginal products (i.e., first derivatives) are very low. 
At hig~1 stand levels a relatively small variation in 
7 No fixed costs have been considered, since genl'rally thes" would h" 
".,ential1y th.. same regardless of the seeding rate. 
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TABLE 7. PROFIT MAXIMIZING RATES OF STAND FOR SPECIFIED CORN AND STAND PRICES ON SHELBY LOAM IN 1956. 
Price per unit Variety A.E.S. 801 Variety Iowa 4297 
I I I ~ I I.u~ I 
I Profit I Loss of 
Situation Com Cost Optimum Predicted Eer acre profit if Optimum Predicted Eer acre profit if per of 100 number com yield rom use stand is number com yield rom use stand is 
number bushel plants of plants in bushels of optimum used until of plants in bushels of optimum used until 
per acre per acre inputs" its MPP==Ob per acre per acre inputs" its MPP:=Ob 
1 $1.60 $0.020 16,746 81.91 $40.93 $0.02 27,597 95.36 $64.76 $0.07 
2 1.60 0.015 16,816 81.92 41.47 0.01 27.775 95.38 65.85 0.04 
3 1.60 0.010 16.886 81.93 42.02 0.01 27,954 95.40 66.94 0.02 
4 1.60 0.005 16,958 81.93 42.56 0.00 28,138 95.41 68.04 0.00 
5 1.30 0.020 16,681 81.90 32.86 0.04 27,430 95.34 51.81 0.09 
6 1.30 0.015 16.769 81.92 33.39 0.02 27,654 95.37 52.89 0.05 
7 1.30 0.010 16,857 81.93 33.93 0.01 27,879 95.39 53.98 0.02 
8 1.30 0.005 16,943 81.93 34.47 0.01 28,098 95.40 55.08 0.01 
9 1.00 0.020 16,577 81.87 24.78 0.04 27.165 95.29 38.87 0.08 
10 1.00 0.015 16,690 81.91 25.31 0.02 27,453 95.34 39.94 0.07 
11 1.00 0.010 16,803 81.92 25.85 0.01 27,741 95.38 41.02 0.03 
12 1.00 0.005 16,916 81.93 26.39 0.00 28,029 95.40 42.11 0.00 
• Profit calculated from yields obtained' when stand is held at 6,000 plants. A 
b The marginal physical product (MPP) of stand is given by the first partial derivative of yield with respect to stand or dY IdS. 
plant population causes a fairly wide change in the 
magnitude of the derivative. Hence, predicted com 
yields and optimum stands vary within narrow limits 
for all price situations. 
For a given com price, profit differentials in table 
7 are affected only by changes in stand costs. Since 
the cost of stand is low relative to the price of com, 
and because optimum stand and yield levels change 
only slightly between price ratios, profits are similar 
within various com price levels, regardless of level 
of stand cost. Accordingly, major differences in the 
profits listed in table 7 are due to differences in com 
prices. 
Since stand costs are very low relative to com 
price, interesting profit comparisons may be made 
between the optimum stand inputs listed in table 7 
and the stand defining a zero marginal product. The 
marginal product is zero when stand is at a level to 
give a maximum per-acre yield. These diHerences in 
profits, included in columns 7 and 11 of table 7 for 
each price ratio, are extremely small. In fact, there is 
no difference for the price ratios of situations 4 and 12. 
Thus, costs of stand, relative to the com yrices used, 
are so low that stand can be increased unti its margin-
al product is zero. In this case, where fertilizer is not a 
variable, planting rates need not vary with seed prices. 
For all practical purposes, the stand should be one 
which results in maximum per-acre yields. This state-
ment applies, of course, to this particular experiment. 
In those reported later, stand also needs to be varied 
as prices change, to allow maximization of profit 
from fertilizer inputs. . But in both cases (i.e., this 
experiment and those reported later), stand level 
should be increased along the isocline which also is 
a ridgeline.8 
Confidence intervals calculated for the predicted 
yields in table 7 are similar since stand and yield 
levels differ only slightly between the specified 
optima. Therefore, confidence intervals have been 
calculated only for the average of these yields. For 
variety 801 (average yield = 81.92), the limits are 
75.21 to 88.63 bushels for the 90-percent confidence 
interval and 73.86 to 89.98 bushels for the 95-percent 
confidence interval. For variety 4297, the limits are 
, For a detailed explanation of these tcnns, See Heady et al •• op. cit.; and 
Heady, Earl O. Economics of agricultural production and resource 
use. Prentice-Hall. New York. 1952. Cbs. 4 and 5. 
598 
64.09 to 126.67 bushels for the 90-percent level con-
fidence interval and 57.80 to 132.96 bushels for the 
95-percent confidence interval. 
DIFFERENCES BETWEEN VARIETIES 
While changes in prices cause no economically 
important differences in optimum level of stand for 
either variety, there are large apparent differences 
in optimum stand between varieties. For comparable 
price ratios, the optimum stand inputs or levels for 
variety 4297 are about 11,000 plants higher than those 
for variety· 801. Similarly, the predicted yield for 
variety 4297 is about 14 bushels larger while the profits 
for situations 1 to 4, 5 to 8, and 9 to 12 are around 
$25, $20 and $15 larger, respectively. Because larger 
stand inputs are predicted for variety 4297, profit 
losses caused by forcing the marginal product to zero 
are somewhat larger than for variety 801. These losses 
are still so small, however, that the practical stand 
level is still that which maximizes per-acre yields. 
As mentioned previously, optimum stand levels 
were within empirical observations for variety 801, 
but beyond these limits for variety 4297, and conclu-
sions based on these data are therefore restricted. 
Since recommendations for optimum stand levels oc-
cur where marginal products are zero, stand levels 
in future experiments should be extended to magni-
tudes which assure that the maximum yield will be 
reached.D 
In this experiment, with only stand as a variable, 
stand level can be increased until yield is at a maxi-
mum. Stand may interact with other inputs such as 
fertilizer, however, in which case there may be need 
to vary stand level with price. This possibility is 
explored in the following sections. 
EXPERIMENT WITH NITROGEN AND STAND 
ON MARSHALL SILT LOAM, 1953 
An experiment on Marshall silt loam was conducted 
in Fremont County in 1953 and included nitrogen 
rates and stand levels as variables. The rates of 
9 The square root equations predicted higher optimum stand inputs than 
did the quadratic equations. In situation 1, for example. the square 
root equations predicted, for variety 801, a stand input of 19,959 
plants with a yield of 83.00 bu~bels of Com while, for variety 4297. 
a stand Ulput of 94.075 and a YIeld of 137.99 bushels Were predicted. 
:'fABLE 8. YIELDS OF TWO CORN HYBRIDS IN RELATION TO 
LEVELS OF STAND AND RATES OF NITROGEN ON MARSHALL 
SILT LOAM IN 1953. VARIETIES ARE SUB-SUBPLOTS STAND 
LEVELS ARE SUBPLOTS, AND NITROGEN TREATMENTS ARE 
WHOLE PLOTS. 
Pounds of Com hybrid 
nitrogen A.E.S.801 Iowa 4397 
per acre Stand" Yield Stand" Yield 
0 72 52.7 75 43.4 
113 53.2 116 53.0 
146 50.2 155 46.2 
175 54.3 182 44.9 
213 41.7 214 46.0 
100 75 64.2 73 60.5 
110 78.6 114 64.6· 
134 76.5 137 71.7 
183 82.4 185 75.4 
208 79.8 200 65.1 
200 75 80.7 76 62.3 
113 92.2 106 74.2 
150 92.0 150 77.6 
183 99.3 182 82.9 
217 89.8 206 70.8 
• Stand is measured in 100-plant units per acre and yield in bushel. 
per acre. 
nitrogen were 0, 100 and 200 pounds per acre side-
dressed at the time of thinning to stand when the 
com was about 10 inches high. The varieties were an 
adapted A.E.S. 801 hybrid and an earlier Iowa 4397 
hybrid planted and thinned to five stand levels. Re-
sulting stands and yields are shown in table 8. A 
split-split-plot design was used with nitrogen rate 
stand and variety as the whole plots, subplots and 
sub-subpl?ts, respectively. While 0e rainfall during 
the grOWing season was only 13 mches, or 3 inches 
less than at the Shelby location, total moisture supply 
was greater because of an estimated 8 to 10 inches of 
soil water available in the upper 5 feet of the Marshall 
soil at planting time, compared with less than 3 inches 
in the Shelby loam. With the temperature being 
equally favorable (or unfavorable) the potential pro-
duction of A.E.S. 801 would be expected to be 
relatively higher in this experiment. 
. S~and treatments were inc!uded to allow the pre-
dIction of a com production surface with plant 
population and a nutrient as variable inputs. These 
data proVide the basis for estimating marginal rates 
of substitution, isoquants, isoclines and economic op-
tima of stand and fertilization levels in a later section. 
Yield observations in table 8 suggest decreasing 
total returns from higher levels of stand, particularly 
when level of nitrogen is low. (As in the previous 
discussion, stand is coded in hundreds of plants per 
acre in tables and equations.) Response to nitrogen 
is large, and a strong interaction exists between nitro-
gen and stand. These data also suggest that yields for 
variety 801 are somewhat higher ilian those obtained 
from variety 4397, yields of variety 4397 ranged from 
43.4 to 82.9 bushels per acre, while the yields ob-
tained from variety 801 ranged from 41.7 to 99.3 
bushels per acre. 
REGRESSION ANALYSIS 
Several regression equations were considered as a 
basis for estimating the production surface. Those 
equations appearing most appropriate are presented, 
along with the reasons for selection of a particular 
function for estimating surfaces. The first two func-
tions are quadratic forms and are 
'2" = 18.9996 + 0.2253N + 0.4200S -0.000720N2 
- 0.001415S2 + 0.OOOO61NS, (7) 
and 
'2" = 29.3249 + 0.1990N + 0.3892S - 0.000565N2 
70.001503S2 + 0.000800NS (8) 
for varieties 4397 and 801, respectively, where '2" and 
S have the same meaning as before and where N is 
the pounds of nitrogen per acre. Equation 7 has an 
R2 . of 0.6259, while equation 8 has an R2 of 0.7222. 
The values of t and probability levels for the regres-
sion coefficients for each equation are included in 
table 9. The level of significance of all coefficients 
appears high enough to warrant retaining them in 
the equation. 
Comparable coefficients of the equations for the 
two different hybrids do not appear, by inspection, 
to be greatly different. Differences in yielding po-
tential of the two varieties are important to research 
workers interested in yields per se from different 
hybrids. This study, however, is concerned with the 
shape of the function, in terms of optimum stand 
and fertilizer levels. While the surfaces may have 
different vertical locations above the resource plane, 
the functions will still lead to similar conclusions on 
optimum resource inputs if the shape or curvature 
of the surfaces is the same. Hence, a t-test has been 
used to test the significance of the difference between 
regression coefficients in equations 7 and 8. These 
tests (table 10) suggest that differences between com-
parable regression coefficients, as large as those ob-
tained, might well have occurred by chance. Hence 
the observations were pooled. ' 
First a square root function with a crossproduct 
was fitted to the pooled data. The resulting equation 
is 
"£" = -43.2227 + 0.0099N - 0.7657S -
0.391548N'h + 17.134805S'h + 0.220875N'hS'h (9) 
and has an R2 of 0.6239. This equation is logically 
unsatisfactory because of the signs of the N'h and N 
TABLE 9. VALUES OF t FOR THE COEFFICIENTS OF THE 
INDIVIDUAL QUADRATIC REGRESSION EQUATIONS RELATING 
CORN YIELDS TO INPUTS OF STAND AND NITROGEN ON 
MARSHALL SILT LOAM IN 1953. 
Regression 
coefficient 
for: 
I Variety Iowa 4397 I Variety A.E.S. 801 t-values for I Probability t-values for I Probability 
equation 7 level" equation 8 level" 
N 
S 
N' 
s· 
NS 
3.01 0.005 2.42 0.025 
2.21 0.050 2.12 0.050 
2.63 0.025 1.81 0.100 
2.21 0.050 2.45 0.025 
1.12 0.300 2.26 0.050 
"Prohability of drawing t as large or larger by chance, given the null 
hypothesis. 
TABLE 10. TESTS OF SIGNIFICANCE OF DIFFERENCES BE-
TWEEN COMPARABLE COEFFICIENTS IN EQUATIONS 7 AND 8. 
N .................... 0.34 
S ..................... 0.17 
N' .................... 0.53 
S' .................... 0.14 
NS .................... 1.29 
Probability 
level' 
0.80 . 
0.90 
0.60 
0.90 
0.20 
• Probability of ~rawing a t value as large or larger by chance, given 
the null hypothesIS. 
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TABLE 11. VALUES OF t AND SIGNIFICANCE LEVELS OF CO-
EFFICIENTS OF QUADRATIC REGRESSION EQUATION 10. 
Regression 
coefficient t Probability 
__ --=-fo.r: . ___ value ____ ~_._Ievel. __ _ 
N .................... 3.14 0.005 
S : ................... 2.32 0.025 
N2 ................... 2.63 0.010 
S· ................... 2.52 0.025 
NS ................... 2.22"--____ -'00.:;.0::;:5:.;:.0 __ _ 
• Probability of drawing t as I arge or larger by chance, given the null 
hypothesis. 
TAl3LE 12. THE ANALYSIS OF VARIANCE OF EQUATION 10. 
Source of variation Degrees of Sums of Mean 
_______ ~fre:..:.edom squares square F 
Total .................. 119 42,505.44 
Duo to regression......... 5 26,032.84 5,206.57 36.03·· 
Deviation from regression ... 114 16,472.60 144.50 
00 Signillcant at the 0.01 level of probability. 
coefficients. A quadratic equation with a crossproduct 
term was then fitted to the pooled data and is 
f = 27.5963 + 0.2051N + 0.35538 - 0.000641N2 
- 0.00129882 + 0.000625N8. (10) 
The R:.! for equation 10 is 0.6125, and t-values of the 
coefficients are given in table 11. All of the terms 
are significant at a probability level at least as high 
as 0.05. 
The significance levels of the coefficients of the 
pooled regression 10 are, for all terms, at least as 
high as for the individual regressions (see table 9). 
Hence, equation 10, the pooled regression on varieties 
801 and 4397, is used in the analysis which follows. 
An analysis of variance of equation 10 is given in 
table 12. 
PREDICTED YIELDS AND PRODUCTION SURFACE 
Yields predicted from equation 10 are presented in 
table 13. These yields were obtained by substituting 
into equation 10 the combinations of nitrogen and 
stand inputs listed in the table. The highest predicted 
yield resulting from these selected combinations of 
inputs (but not the highest yield predicted by the 
equation) is 89.14 bushels per acre when nitrogen 
is extrapolated 50 pounds per acre beyond empirical 
observations. This is a 43.03-bushel increase over the 
lowest predicted yield in the table. This low yield of 
46.11 bushels cannot, however, be regarded as the 
yield intercept value for the production function or 
the lowest yield possible since: (a) There would be 
no yield if stand were assumed to be zero; and (b) 
the range of the empirical data did not extend much 
below the stand value of 7,000 listed in table 13, 
and extrapolation in this direction appears unwar-
ranted. 
TABLE 13. CORN YIELDS ON MARSHALL SILT LOAM (BUSHELS 
PER ACRE) PREDICTED BY EQUATION 10.-
Pounds of 
nitrogen Number of plants.~p~erc,...a~c::.:re:.....-__ ~ 
per acre 7,000 10,000 13,000-16,000 19,000 22,000 
--0-. ~6.1-I--50:i5--51.85--51.22-48.25 42.94 
50 ...... 56.95 61.93 64.59 64.87 62.84 58.47 
100 ...... 64.58 70.50 75.33 75.33 74.23 70.80 
150 ...... 69.01 75.86 80.38 82.56 82.40 79.91 
200 ...... 70.24 78.02 83.48 86.59 87.38 85.82 
_...:2~5~0---,-. .:... c,.... ~68~.2~4~---!.7!!:6.:?.97~~8~3.::!37!-.---.::8~7~.4.::.2_....:8:.:9::.:.1:.:4_c,...88.52 
• The 250-pound nitrogen rate is extrapolated. 
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Decreasing total yields at high stand levels are 
predicted by equation 10 throughout the entire range 
of nitrogen applications. While there are decreasing; 
total yields due to nitrogen at the low levels of 
stand, this is not true for higher stand levels within 
the range of the experimental treatments. Nitrogen 
and stand are predicted to have sufficient interaction 
to cause yields to increase continuously along the 
main diagonal of table 13 . 
The surface for equation 10 is presented in fig. 2. 
The decreasing total yields at high levels of stand 
and nitrogen, for the latter when stand is held at low 
levels, are indicated by the negative slopes over a 
portion of the surface. The surface also slopes upward 
from the left-hand corner above the nutrient plane 
because of the stand by nitrogen interaction. 
The effects of nitrogen increased alone (columns 
of table 13) or stand increased alone (rows of table 
13) may be compared with vertical cross-sections 
through the surface in fig. 2. For example, with 
nitrogen as the variable input, the section is parallel 
to the nitrogen axis. Curves of this type for variable 
levels of both stand and nitrogen are presented in 
figs. 3 and 4, respectively. The vertical distance be-
tween the curves illustrates the effect of chan~dng 
the quantity of the factor considered fixed. The differ-
ence in slope of the three curves at any given level of 
input of the variable factor is due to the effect of the 
interaction term. In fig. 4, the nitrogen curve with 
stand at 22,000 intersects the curves with stand at 
other levels, because of the interaction between stand 
and nitrogen. At low nitrogen levels, increased stand 
depresses yield; at high stand levels, high nitrogen 
inputs increase yields. 
Another type of curve is obtained as the two inputs, 
stand and nitrogen, are varied together in fixed pro-
portions. The separate inputs then can be regarded 
as an aggregate, single input; the aggregate input 
being composed of one unit each of stand and nitro-
gen. Or, this proportion might be two of stand to 
one of nitrogen, or two of nitrogen to one of stand. 
120 
Fig. 2. Production surface for com as 11 function of population and 
nitrogen levels on Marsllall .ilt lawn in 1953 . 
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Fig. 4. Yield response of com to diffe",nt rates of nitrogen when 
the population is held constant at three lev .. l. (7,000, 14,500 and 
22,000 plants ppr ncr .. ) on Marshall silt loam. 
etc. These curves correspond to straight vertical sec-
tions through the production surface, passing through 
the point where stand is 7,000 and added nitrogen 
i<; O. Figure 5 includes curves where nitrogen is held 
in fixed proportions to stand, and fig. 6 includes 
curves wliere stand is held in fixed proportions to 
nitrogen. Some of the curves in fig. 6 are necessarily 
short since their extension would require extrapola-
tion far beyond the limits of the experimental ob-
servations. 
MARGINAL PHYSICAL PRODUCTS 
Equations for the marginal physical products of 
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Fig. 6. Yield response of com to nitrogen with plant population 
varied in fixed proportions to nitrogen application as indicated On 
Marshall silt loam. 
stand and nitrogen, respectively, (i.e., the partial de-
rivatives of the production function) are 
at 
- = 0.3553 - 0.0026S + 0.0006N, 
as (11) 
and 
at 
- = 0.2051 - 0.0013N + 0.0006S. 
oN (12) 
The interaction tenn in the original production 
function causes the marginal equation for one input 
to contain a tenn arising from the other input. In 
other words, when one input is varied, its marginal 
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TABLE 14. :"IARGINAL PHYSICAL PRODUCTS OF NITROGEN 
AND STAND ON MARSHALL SILT LOAM EXPRESSED IN BUSHELS 
OF CORN PER ACRE PER 100 PLANTS PER ACRE IN 1953. 
A. Marginal physical product of stand when nitrogen is applied at 
tbr"" ratcs. 
Numher of 
plants per Pounds of nitrogen per acre __ _ 
-0 100 20ii acre 
7,000.... . .0.17 
10,000 ............ 0.10 
0.24 0.30 
0.16 0.22 
13,000 ............ 0.02 
16,000. .. . ..... -0.06 
19,000 ......... -0.13 
0.08 0.14 
0.00 0.07 
-0.08 _____ -0.0,,-1 __ _ 
B. Marginal physical product of nitrogen when stand is applied at 
Ihree rates. 
Pounds of 
nitrogen 
per acre 
Number of plants per acre 
7,000 --16,000---22-;;,0""00;:----
o ........ 0.25 
50 .............. 0.18 
100 .............. 0.12 
150 .............. 0.06 
200 .......... -0.01 
250. . ........ -0.07 
0.31 
0.24 
0.18 
0.11 
0.05 
-·0.02 
0.34 
0.28 
0.21 
0.15 
0.09 
0.02 
product is affected by the level at which the other 
input is fixed. By substituting input values into equa-
tions 11 and 12, the marginal products were 
obtained. Part A of table 14 contains the marginal 
physical products resulting from stand at three differ-
ent levels of nitrogen, while part B of table 14 con-
tains the marginal physical products of nitrogen when 
stand is held at three levels. The marginal physical 
products are the slopes of the surface in fig. 2, for 
the points indicated in the input plane. Hence, the 
negative marginal products indicate the points where 
the production surface has a negative slope. Even-
tually, negative marginal products result from in-
creases in stand regardless of the amount of nitrogen 
applied. Negative marginal products, however, do 
not result from further applications of nitrogen at 
the high levels of stand in this experiment. 
By setting the marginal equations equal to zero 
and solving for the values of the inputs, the quantity 
of input at which the marginal product becomes 
zero is obtained. Setting equations 11 and 12 equal 
to zero and solving for stand and nitrogen, respective-
ly, leads to 
5 = 136.8798 + 0.2408N, and (13) 
N = 159.9953 + 0.48755, (14) 
where stand in equation 13 is expressed as a function 
of nitrogen and nitrogen in equation 14 as a function 
of stand. Because the magnitude of one input when 
the marginal yield of that input equals zero depends 
upon the amount of the second input used, values 
such as those in table 15 are obtained. 
When no nitrogen is applied and stand is utilized 
to the point where its marginal product is zero (13,688 
plants per acre), the predicted corn yield is 51.92 
TABLE 15. RATES OF INPUTS AT WHICH THE MARGINAL 
PHYSICAL PRODUCT (MPP) OF ONE INPUT IS ZEHO, GIVEN 
VARIOUS RATES OF THE SECOND INPUT FOR CORN ON 
:"IARSHALL SILT LOAM IN 1953 . 
. -
Pounds of Number of plants pcr Number of Pounds per acre 
nitrogen ncr ... at which MPP plants at which MPP of 
.-l",,";:..·r-=a=cr-=..e __ -"-of=--s::.;;·ta;.::.":.::dc..::1s::.....::.:ze;:..ro"--_-"p:..:er_a;.::.c::,:·rc=--· __ .:.:m:.::·tro:.;:.gcn is zero 
O. . .... 13,688 7,000 .......... 194.12 
50 ...... ..14,891 9,000 .......... 203.87 
100 ......... 16,095 11,000 .......... 213.62 
150 .......... 17,300 13,000 .......... 223.37 
200 .......... 18,504 15,000 .......... 23::.::3:.::.1:.:2'--__ 
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bushels per acre. On the other hand, when stand is 
utilized at a minimum rate for the experiment (i.e., 
7,000 plants per acre since a zero rate of stand would 
result in no yield) and enough nitrogen is applied to 
drive the marginal product to zero, yield is predicted 
to be 70.26 bushels per acre. 
The input level at which yield is at a maximum 
(i.e., both partial derivatives are zero) is determined 
by equating both marginal product equations to zero 
and solving simultaneously for values of stand and 
nitrogen. Using equations 11 and 12 for this purpose, 
yield is predicted to be a maximum with 256.88 
pounds of nitrogen and 19,873 plants per acre. The 
predicted yield is 89.25 bushels. This prediction repre-
sents an extrapolation along the nitrogen axis since 
the nitrogen input is 56.88 pounds above the limit 
of observations in the experiment. 
YIELD ISOQUANTS 
The. curves presented in fig. 7 are isoquants, de-
picting horizontal sections through the surface in fig. 
2. They indicate the various combinations of stand 
and nitrogen which will produce the specified or 
given yields and are based on the isoquant equation 
S = 136.8798 + 0.2408N -+- 385.2080 (0.2695 + 
0.001509N - 0.000003N2 - O.005192Y)'/o. (15) 
In the isoquant equation 15, derived from the pro-
duction function 10, stand is expressed as a function 
of nitrogen and yield. The slopes of the isoquants 
represent the marginal rates of substitution between 
the inputs. Since the isoquants in fig. 7 are convex to 
the origin, stand and nitrogen substitute at decreasing 
rates. Also, since isoquants representing equal incre-
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fertilizer nitrogen (dashed lilies nre ridgt'lincs) 011 Marshall silt lown. 
Fig. 7. Yi .. i<I isoqunnts for corn as a function of plant population and 
ments in yield are successively farther apart (on any 
straight line through the origin or perpendicular to 
either axis), diminishing 'returns from inputs are 
indicated. The slopes of the isoquants can be predicted 
from 
aS 
oN 
328.1824 
568.5440 
2.0S12N + S (16) 
4.15365 + N 
which is a ratio of equation 12 to equation 11 or may 
also be derived from equation 15. The dashed lines 
in fig. 7 are the ridgelines (i.e., isoclines representing 
zero substitution rates) beyond which the inputs will 
not substitute for each other except at greater total 
physical input of both variables. Hence the ridgelines 
represent working limits beyond which only less 
favorable economic solutions can be found. As sug-
gested by table 13, levels of input where the marginal 
physical products are zero fall exactly on one or the 
other of the ridgelines. This is true because the mar-
ginal rate of substitution between the two inputs is 
the ratio of their marginal physical products and 
because the ridgelines represent all points at which 
the marginal product of either stand or nitrogen is 
zero. 
Table 16 includes isoquant quantities and marginal 
rates of substitution, derived from equations IS and 
16. These numbers are the arithmetic counterpart of 
the curves in fig. 6, reflecting the position and slope 
of the contours in the input plane. While the marginal 
rate of substitution of nitrogen for stand or vice versa 
decreases along a single isoquant, for points nearer 
the nitrogen (stand) axis, the marginal rate of sub-
stitution of nitrogen (stand) increases (decreases) for 
higher yield levels along a line representing a fixed 
ratio of the two inputs. 
TABLE 16. COMBINATIONS OF NITROGEK (UKITS OF 1 POUND) 
AND STAND (UNITS OF 100 PLANTS) NEEDED TO PRODUCE 
GIVEN CORN YIELDS AND CORRESPONDING ~IARGINAL RATES 
OF SUBSTITUTION (MRS). 
Pounds as aN IPounds as aN 
of Stand MRS-- MRS-- of Stand ~IRS-- MRS--
nitrogen aN as nitro,,; .. n aN as 
Yield = 50 hushels 1 Yield = 60 bushels 
I .... 95.90 2.46 0.41 30 ... 134.86 10.49 0.10 
5 ... 87.24 1.91 0.52 35 ... 112.95 2.75 0.36 
10 .... 78.81 1.54 0.65 40 ... 101.83 1.88 0.53 
J.5 .... 71.54 1.29 0.78 45 ... 93.40 1.46 0.69 
50 ... 86.90 1.21 0.82 
.55 ... 81.17 1.04 0.97 
60 ... 76.59 0.91 1.10 
65 72.41 0.80 1.75 
-
Yield = 70 bushels Yi .. ld = 80 bushels 
"---' 
1135 ... 147.42 75 ... 136.06 3.95 0.25 2.18 0.46 
80 .. 122.29 2.04 0.49 I U" .. '"'' 1.37 0.73 85 ... 113.82 1.48 0.68' 145 .. 133.27 1.03 0.98 
90 ... 107.32 1.18 0.85 150 .. 129.08 0.82 1.22 
95 ... 101.97 0.98 1.02 155 ... 124.89 0.65 1.52 
100 ... 97.40 0.84 1.20 160 ... 122.63 0.56 1.78 
105 93.98 0.73 1.37 I''' ... 12'" 0.47 2.12 UO.: : 90.56 0.64 1.57 170 ... 118.10 0.39 2.59 115 87.53 0.56 1.78 175 ... 116.61 0.33 3.02 
120 ... 84.88 0.50 2.01 180 ... 115.12 0.27 3.65 
125 82.61 0.44 2.2':' 185 ... 114.01 0.22 4.46 
130 ... 80.74 0.3~ ;'.,,5 190 ... 112.90 0.17 .5.64 
135 ... 78.86 0.35 2.89 
140 ... 77.37 0.31 3.27 
145 ... 75.87 0.27 3.74 
150 ... 74.77 0.23 4.28 
155 ... 73.66 0.20 4.98 
160 ... 72.94 0.17 5.86 
165 ... 72.21 0.14 7.00 
170 ... 71.49 0.12 8.67 
175 .. 71.16 0.09 11.09 
200 
180 
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Fig. 8. Yield isaquant. and isoclines for corn as a function of plllllt 
population and fertilizer nitrogen ( da.I1(-d lim'S ar~ ritl";"linc.) un 
Marshall silt loam. 
YIELD ISOCLINES 
A yield isocline intersects all isoquants at points 
which have the same slope. In other words, it connects 
points on successive isoquants which represent equal 
substitution rates. A different isocline exists for each 
possible substitution rate falling between the ridge-
lines or for each possible price ratio with which 
the substitution rate may be equated. By equating the 
substitution ratio to the price ratio, the minimum 
cost combination of two inputs for producing any 
given yield can be predicted. This means, then, 
that isoclines are least-cost expansion paths for partic-
ular price ratios of the two inputs. The particular 
price ratios are those equal to the marginal rate of 
substitution defining each isocline. 
The isocline equation derived from equation 10 is 
S=a(0.355340)+a(0.000625)N -O.205114+0.001282N 
0.000625 + a(0.002S96) (17) 
where a is the Pl'/Ps price ratio, and the other 
terms are as defined previously. Isoclines derived 
from this equation are presented in fig. 8. Again, 
these isoclines can be looked upon as representing 
either (1) marginal rates of substitution of given 
magnitudes or (2) price ratios representing particular 
expansion paths. The isoclines labeled 6.0 to 10.0 
most closely approximate current and recent price 
ratios of stand (per 100 plant units) to nitrogen (per 
pound). Thus, if a given yield is produced at mini~ 
mum cost, use of stand should be increased until its 
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marginal product is almost zero before applying 
more nitrogen. In other words, the least-cost com-
bination of stand and nitrogen approaches the upper 
ridgeline (the dashed line where oN loS is zero). 
On any production surface where the yield attains 
a maximum, the family of isoclines converges to a 
point. Convergence is at a point in the input plane 
where the partial derivatives of both inputs are zero.10 
In fig. 8 convergence of isoclines falls at a yield of 
89.25 bushels and inputs of 256.88 pounds of nitrogen 
and 19,873 plants per acre. At this particular point, 
stand and nitrogen are technical complements or 
limitational resources; neither can be substituted for 
the other in producing the specified yield. 
ECONOMIC OPTIMA 
Relationships outlined previously allow specifica-
tions of economic optima in stand and nitrogen levels. 
These optimal conditions concern selection of (a) 
the combination of stand and.' nitrogen levels which 
minimize the cost of a given output and (b) the levels 
of stand and nitrogen which will maximize the per-
acre profits. These conditions are attained simultan-
eously when the partial derivatives of the two input 
categories are equated to the ratio formed by divid-
ing their price (cost) by the pri,ce of corn per bushel. 
Isoclines are expansion paths, indicating the com-
binations over which nitrogen and stand should be 
increased in attaining successively higher yield levels, 
if each yield is to be attained at a minimum cost. The 
procedure is to increase levels of stand, nitrogen and 
yield until the marginal value products of the two 
inputs are equal to their costs. The isoclines repre-
senting least-cost expansion paths for recent prices 
of nitrogen and stand fall towards the upper ridgeline 
of fig. 8. An appropriate price ratio in the spring of 
1956 was about 9 for dry-type fertilizer and 5.5 for 
anhydrous ammonia. Hence, the relative cost of stand 
is so low that economic optima seem almost consistent 
with the use of planting rates which drive the marg-
inal physical product of stand to zero. 
The combination of inputs which will m1l1UTIlze 
the cost for producing a given yield is denoted by 
the intersection of the appropriate isocline and iso-
quant. The cost of producing 70 bushels of corn, with 
a price ratio (PN/Ps) of 6 is minimized with 74 
pounds of nitrogen and 14,190 plants per acre. Least-
cost combinations are presented in table 17 for speci-
fied price ratios and yields. The optimum stand for 
10 See Heady, Earl a., Pesek, John T. nnd Brown, William G., op. cit.; 
nnd Brown, William G., Hendy, Earl 0., Pesek, John T. and Stritzel, 
Joseph A., op. cit. 
TABLE 17. COMBINATIONS OF NITROGEN AND STAND WillCH 
WILL MINIMIZE COSTS OF PRODUCING SPECIFIED CORN 
YIELDS FOR VARYING RESOURCE PRICES ON MARSHALL SILT 
LOA.M IN 1958. 
Yield level P Optimum number of Optimum number 
(bushels N price ratio· lJOunds of nitrogen of plants 
per acre) P-
S 
60 ............. 6 
60 ............. 12 
60 ............. 18 
70 ............. 6 
70 .............. 12 
70 ............. 18 
80 ............. 6 
80 ............ 12 
80 18 
per acre 
31 
30 
29 
74 
73 
72 
132 
181 
180 
per acre 
12,850 
13,590 
18,880 
14,190 
14,790 
15,000 
15,950 
16,400 
16,550 
• Stand price is in terms of 100 plants, and nitrogen price is per pound. 
these price ratios ranges from 12,850 to 16,550, de-
pending on product and input prices and yield levels. 
Profit maximizing (i.e., optimum) quantities of stand 
and nitrogen have been computed by equating equa-
tions 11 and 12 to particular inverse price ratios for 
the two inputs and solving simultaneously. The re-
sults are given in table 18. (Profit refers only to the 
cost of the two input categories.) Revenue gains are 
based on yields exceeding the lowest quantity in table 
TABLE 18. OPTIMUM RATES AND COMBINATIONS OF FERTI-
LIZER AND PLANTS PER ACRE FOR SPECIFIED CORN AND 
INPUT PRICES ON MARSHALL SILT LOAM IN 1953. 
_~Pn:.::·c",e...!p~er~u~ni~t _I Optimum inputs 
1 ., $1.60 $0.08 $0.01 210.60 18,519 87.93 $48.93 $0.00 
2 .. 1.80 0.08 0.01 211.16 18,210 87.58 36.46 0.01 
3 .. 1.00 0.08 0.01 183.38 17,718 86.10 24.26 0.02 
4 .. 1.60 0.08 0.015 209.98 18,380 87.90 48.37 0.03 
5 .. 1.80 0.08 O.oI5 199.85 18,044 87.26 85.88 0.08 
6 .. 1.00 0.08 0.01.5 182.32 17,500 85.99 23.73 0.05 
7 .. 1.60 0.08 0.02 209.21 18,244 87.94 47.81 0.06 
8 1.30 0.08 0.02 198.53 17,874 87.20 85.37 0.07 
9 .. 1.00 0.08 0.02 .181.26 17,281 85.87 23.21 0.09 
10 .. 1.60 0.18 0.01 183.18 17.858 86.09 39.09 0.Q1 
11.. 1.30 0.18 0.01 166.26 17,394 84.53 27.30 0.01 
12.. 1.00 0.13 0.01 .139.85 16,658 81.37 16.19 0.02 
13.. 1.60 0.18 0.015 182.45 17,718 86.03 38.56 0.03 
14 .. 1.80 0.13 0.015 165.45 17,228 84.48 26.78 0.03 
15.. 1.00 0.13 0.015 188.29 16,440 81.20 15.10 0.04 
16.. 1.60 0.13 0.02 181.80 17,588 85.96 37.98 0.06 
17 .. 1.80 0.18 0.02 164.68 17,058 84.38 26.28 0.06 
18.. 1.00 0.18 0.02 137.28 16.221 81.04 15.25 0.09 
19 .. 1.60 0.15 0.01 172.12 17,593 85.11 35.53 0.00 
20.. 1.30 0.15 0.Q1 152.70 17,067 88.05 24.12 0.02 
21.. 1.00 0.15 0.01 121.74 16,284 78.87 18.59 0.08 
22 .. 1.60 0.15 0.015 171.45 17,458 85.73 85.02 0.08 
28.. 1.80 0.15 0.015 151.89 17,106 82.95 28.61 0.03 
24 .. 1.00 0.15 0.015 120.68 16,016 78.68 18.12 0.05 
25 .. 1.60 0.15 0.02 170.79 17,318 84.97 34.51 0.07 
26.. 1.80 0.15 0.02 151.01 16,732 82.82 23.13 0.07 
27 .. ~I=.0~0~~0~.1~5~~0.~0~2~1~19~.6~2~1~5~,7~9~7~7~8~.4~8~~12~.~68~~0~.0~9~ 
TABLE 19. CONFIDENCE LII\Ul'S FOR YIELDS PREDICTED IN 
TABLE 18 FOR CORN GROWN ON MARSHALL SILT LOAM IN 
1953. 
I 1
95% confidence limitsl90% confidence limits 
Predicted com for predicted yields for predicted yields 
Situation yields in bu. in bushels per acre in bushels per acre 
number per_n~~~~e_r __ Upper Lower Upper-
1 ........ 81.93 82.54 93.32 83.41 92.45 
2 ........ 87.58 82.91 92.25 83.67 91.49 
3 ........ 86.10 82.16 90.04 82.80 89.40 
4 ........ 87.90 82.59 93.21 83.45 92.35 
.5 ........ 87.26 82.67 91.85 83.42 91.10 
6 ........ 85.99 82.04 89.84 82.72 89.26 
1 ........ 81.94 82.70 93.18 83.56 92.32 
8 ........ 81.20 82.68 91.72 88.41 90.99 
9 ........ 85.87 82.07 89.67 82.69 89.05 
10 ........ 86.09 82.14 90.04 82.78 89.40 
11 ........ 84.53 80.79 88.27 81.40 87.66 
12 ........ 81.37 77.37 85.37 78.02 84.72 
13 ........ 86.08 82.11 89.95 82.75 89.31 
14 ........ 84.43 80.69 88.17 81.80 87.56 
15 ........ 81.20 77.17 85.23 77.83 84.57 
16 ........ 85.96 82.06 89.86 82.70 89.22 
17 ........ 84.33 80.59 88.07 81.20 87.46 
18 ........ 81.04 76.99 85.09 77.65 84.48 
19 ........ 85.11 81.35 88.87 81.96 88.26 
20 ........ 83.05 79.22 86.8B 79.85 86.25 
21 ........ 78.81 74.64 83.10 75.33 82.41 
22 ........ 85.73 81.98 89.48 82.59 88.87 
28 ........ 82.95 79.12 86.78 79.74 86.16 
24 ........ 78.68 74.48 82.98 75.12 82.24 
25 ........ 84.97 81.22 88.72 81.83 88.11 
26 ........ 82.82 78.97 86.67 79.59 86.05 
27 ........ 78.48 74.20 82.76 74.90 82.06 
13.11 Confidence limits for the predicted yields in 
table 18 are given in table 19. 
As is suggested in the next section, some devia-
tion can be made from the optimum stand and nitro-
gen level, for a particular price ratio, without causing 
a large depression of profit. The extent of pront de-
pression depends on the magnitude of the deviation 
from the optimum level and combination of inputs. 
Table 18 suggests that changes in the price of 
stand, within the relevant range, cause only small 
changes in the optimum number of plants per acre. 
For example, a change of 139 plants is predicted 
between situations 1 and 4; between situations 4 
and 7, a change of 136 plants is predicted. These 
shifts become only slightly larger as the price of corn 
falls (see situations 3, 6 and 9). Hence, the question 
might arise: To what extent would pront be depressed 
if, in each situation, the combination of inputs which 
forced the marginal product of stand to zero were 
used? The last column in table 18 gives the estimated 
loss in pront per acre if this practice were followed. 
These losses, when present, are very small since the 
cost of stand is low. Thus, the optimum quantities 
of stand predicted for present prices deviate only 
slightly from the quantities at which the marginal 
physical product of stand is zero (maximum yields). 
Optimum nitrogen levels vary widely as both corn 
and nitrogen prices vary. When nitrogen costs $0.08 
per pound (approximately the present cost of an-
hydrous ammonia), nitrogen use ranges from 181 to 
211 pounds per acre, depending on corn and stand 
prices. When nitrogen costs $0.15 per pound (present 
cost of solid nitrogen fertilizers), the predicted opti-
mum quantities of nitrogen are lower, ranging from 
120 to 172 pounds per acre. The variation in nitro-
gen use is not large, however, for small price changes 
(e.g., with a price of $0.13 per pound predicted quan-
tities of nitrogen range from 137 to 183 pounds per 
acre, which is not greatly different from nitrogen 
usage at $0.15 per pound). Accordingly, variations in 
nitrogen prices within their relevant range cause 
larger fluctuations in resulting pront than variations 
of stand prices within their relevant range. Compare, 
for instance, the input and pront variations from 
situations 1, 4 and 7 where stand prices vary with 
situations 1, 10 and 19 in which nitrogen prices vary. 
In these situations, variations in nitrogen prices cause 
pront differences of $13.40 while variations in stand 
prices cause a change of only $1.12 in profit. 
LIMITED CAPITAL 
Profit maximization, even with ability to predict 
yields and prices, as outlined above is possible only 
for tlle farmer with unlimited capital. Farmers with 
limited funds may wish to apply some fertilizer, but 
divert the remainder of their capital to other uses. 
Also, given weather and price uncertainty, farmers 
not limited on capital also may use resources short 
of equating marginal value products with the cost of 
resources. Hence, in this section it is assumed that 
11 The prices used include the cost of application and handling for 
nitrogen and stand. The com prices could be regarded as market 
price less the cost of picking, hauling, sheIIing and handling per bushel. 
a farmer will use only half of the appropriate optimum 
nitrogen quantity indicated for the current price ratio 
(table 18). It is then asked: What stand level would 
be optimum? Stand costs are so small that most farm-
ers could attain optima with respect to it alone. In 
fact, as the figures in table 18 suggest, this low cost 
causes the optimum stand input to deviate only slight-
ly from stand input rates which have a marginal 
product of zero. Accordingly, taking half of each of 
the optimum quantities of nitrogen in table 18 and 
computing the optimum number of plants per acre 
for this reduced nitrogen input, the quantities in table 
20 were obtained. 
Table 20 contains (column 9) the losses incurred 
per acre of using the reduced inputs (in place of 
the optimum inputs in table 18). As above, the magni-
tude of the loss is governed mainly by the combina-
tion of nitrogen and corn prices. For example, in 
situations 1, 4 and 7 when corn is $1.60 per bushel 
and nitrogen is $0.08 per pound, the reduction is 
$10.59, $10.52 and $10.39, respectively. When corn 
prices fall to $1, the loss is reduced to $5.72, $5.54 
and $5.24 for situations 3, 6 and 9, respectively. The 
variation among the figures within these two sets of 
prices is due to the change in price of stand. This 
"within" variation is very small and may be regarded 
as negligible when compared with the uncertainty, 
capital limitations and other considerations facing the 
farmer. If nitrogen prices rise to $0.15 per pound when 
com is $1.60, the losses are $9.06, $8.86 and $8.66 in 
situations 19; 22 and 25, respectively. When corn falls 
to $1, the losses at the same nitrogen prices are, for 
situations 21, 24 and 27, $5.89, $5.57 and $5.29, re-
spectively. Hence, when corn prices are $1.60, losses 
from use of the reduced inputs drop approximately 
$1.50 when the nitrogen price increases from $0.08 to 
$0.15 per pound. When corn prices are $1 per bushel, 
however, losses are similar for either nitrogen price. 
In terms of pront level, the importance of nitrogen 
prices, therefore, varies depending upon the corn 
prices. 
Also important when considering table 20, is the 
magnitude of the reduction in profit from using the 
reduced inputs, as compared with the profit obtained 
from the optimum inputs in table 18. As the cost of 
the inputs rises, the loss, expressed as a percentage, 
becomes greater. (Compare situations 1 and 25 or 3 
and 27 in the last column of table 20.) Also, the loss 
in profit increases as the corn price falls. The per-
centage of loss varies from 19.6 in situation 13 to 
43.3 in situation 21. Hence, the farmer loses most, 
percentagewise, by the departure from optimum 
when corn prices are low and inputs are costly. When 
corn prices are high (situation 1) and input prices 
low, a situation where a farmer facing uncertainty 
might be most likely to apply optimum inputs, the 
relative loss from use of reduced inputs is smaller. 
However, the dollar loss in situation 1 is $10.59 while 
the loss in situation 27 is $5.29 (both compared with 
the parallel optima in table 18). Therefore, a farmer 
attempting to increase his absolute income when fac-
ing uncertainty might choose to use an optimum 
amount of input (that shown in table 18) when faced 
with the favorable price relationships of situation 1, 
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TABLE 20. HATES AND COMBINATIONS OF FERTILIZER AND PLANTS PER ACRE FOR SPECIFIED COHN AND INPUT PHICES 
GIVEN THAT l\'ITROGEN IS USED AT HALF THE HATES DETERMINED IN TABLE IH. 
Situation 
11Umhl2'r 
I P · 't i ---. I ___ "~_n~per_un~_____ __ Pounds of N L>ptimum No. 01 Estimat~d I 
. 
Corn I N I Cost I (half the amount plants per acre COrn yield I 
per p~r of 100 specified in for reduced in bushels 
, hushel i Po\l~_ Pla~.l~able 18) N input l'er acre 
Profit from 
use of 
reduced N 
and stand" 
I I Hcduction in Heduction in I profit expressed profits obtained I as a IJCrcentagc 
fr01n use of of the original 
I .... $1.60 
2 1.30 
;3 1.00 
4 1.60 
.~ 1.30 
6 1.00 
7 1.60 
8 1.30 
\l 1.00 
10 1.60 
II. 1.30 
12 1.00 
13. 1.60 
14. 1.30 
1.5 1.00 
16 1.60 
17 1.30 
18 1.00 
19. 1.60 
20 1.30 
21 1.00 
22. 1.60 
23 1.30 
24 1.00 
2.5 1.60 
26 1.30 
27 1.00 
SO.08 
0.08 
0.08 
0.08 (l.OS 
0.08 
0.08 
0.08 
0.08 
0.13 
0.13 
0.13 
0.13 
0.13 
0.13 
0.13 
0.13 
0.13 
0.15 
0.15 
O.V; 
0.15 
0.15 
0.15 
0.15 
0.15 
0.15 
$0.01 
0.01 
0.01 
0.015 
0.015 
0.01.5 
0.02 
0.02 
0.02 
0.01 
0.01 
0.01 
0.01.5 
0.015 
0.01.5 
0.02 
0.02 
0.02 
0.01 
0.01 
0.01 
0.015 
O,Ol5 
0.0115 
0.02 
0.02 
0.02 
105.30 
100.08 
91.69 
104.96 
99.67 
91.16 
104.64 
99.26 
90.63 
91..56 
83.13 
69.68 
91.23 
82.72 
69.14 
90.90 
82.31 
68.61 
86.06 
76.3.5 
60.87 
85.72 
75.94 
60.34 
85.39 
75..',3 
59.81 
14,297 
13,727 
12,814 
14,289 
13,7l7 
12,801 
14,281 
13,707 
12,788 
12,764 
11,837 
10,358 
12,756 
ll,827 
10,345 
12,748 
11,818 
10,332 
12,150 
Il,081 
9,375 
12,142 
II,07l 
9,363 
12,134 
II,061 
9,350 
75.79 
74.77 
72.56 
75.69 
74 .. 55 
72.46 
75.63 
74.44 
71.84 
72.50 
70.23 
66.16 
72.44 
70.15 
66.04 
72.,,)7 
70.07 
65.93 
71.03 
68.23 
63.17 
70.97 
68.15 
63.06 
70.91 
68.07 
62.94 
$38.34 
28.59 
18.54 
'37.85 
27.99 
18.19 
:37.42 
27.57 
17.97 
29.76 
20.06 
10.66 
;31.02 
19.79 
10.45 
29.07 
19.49 
10.24 
26.47 
16.91 
7.70 
26.16 
16.66 
7.55 
25.8S 
16.67 
7.39 
i reduced jnputsh . profit 
$10.59 
7.87 
5.72 
10,,52 
7.89 
5.54 
10.39 
7.80 
.5.24 
9.33 
7.24 
,5.53 
7.54 (l.99 
.').25 
~.9J 
6.70 
5.01 
9.06 
7.21 
,~.89 
8.8(; 
6.9.5 
5.57 
8.66 
6.46 
5.29 
2l.64 
21.59 
23.58 
21.75 
21.99 
23.35 
21.73 
22.05 
22.58 
23.87 
26.32 
34.16 
19.55 
26.10 
33.44 
23.46 
25.84 
;32.8.5 
25.50 
29.89 
43.34 
2.5.30 
29.44 
42.45 
25.09 
27.93 
41.72 
'Profit above fertilizer and stand costs using th~ amounts in columns 5 and 6. 
"Rf'dul'tion as cOlupared with optimum indicated in table 18; i.e.~ column 8 of table 18 minus column R of tabllj 20. 
and a reduced input combination (that shown in table 
20) when faced with the less favorable prices of situa-
tion 27. He would thus profit by $10.59 in the former 
r~ase and forego $5.29 in the latter case. 
EXPERIMENT WITH NITROGEN AND STAND 
ON SEYMOUR SILT LOAM, 1953 
Nitrogen and stand (plant population) were variable 
inputs for the 1953 experiment on Seymour silt loam. 
Nitrogen treatments were 0, 80 and 160 pounds per 
acre, while stand was adjusted to four levels of 8,000, 
12,000, 16,000 and 20,000 plants per acre. Treatment 
combinations were the same for both varieties. The 
nitrogen and stand levels appeared as whole plots 
and subplots in the experiment, while the varieties 
were in sub-subplots. The yields resulting from var-
iety A.E.S. 801, the adapted hybrid, and those re-
sulting from Iowa 4297, the early hybrid, are pre-
sented in table 21. 
The varieties gave approximately similar yields 
when nitrogen and stand were at a minimum. Each 
TABLE 21. YIELDS OF TWO CORN HYBHlDS IN HELATION TO 
LEVELS OF STAND AND RATES OF NITROGEN ON SEYMOUR 
SILT LOAM IN 1953. VAIIlETIES ARE SUB-SUBPLOTS, STAND 
LEVELS ARE SUBPLOTS AND N TREATMENTS ARE WHOLE 
PLOTS. YIELDS ARE EXPHESSED IN BUSHELS PER ACHE. 
Pounds of \ 
nitrog(m Stand> Corn hyhrid 
~J}er acre ______ ~~ __ --,_.~_.E_.S~~I!}_ 
o 80 54.4 
120 49.3 
160 45.3 
200 :39.4 
110 80 .55.2 
120 .56.4 
160 .59.2 
200 44.5 
160 80 61~ 
120 63.8 
160 59.8 
200 .56.0 
• Stand is mcasurt>d in 100-plant units pl'r acre. 
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low" 4297 
,53.1 
55.3 
54.0 
43.5 
.58.4 
60.2 
68.7 
56.1 
63.3 
63.4 
66.3 
65.3 
variety also exhibited decreasing total yields at high 
levels of stand, but neither exhibited decreasing 
yields at the high nitrogen level. Both varieties inter-
acted strongly with nitrogen. The response of the 
varieties was not similar, however. Larger responses 
to both nitrogen and stand were obtained with variety 
4297. This variety was, on the average, higher yield-
ing than variety 801 for the environmental conditions 
at that particular location in 1953. Yields of variety 
801 varied from 39.4 to 63.8 bushels; yields of variety 
4297 ranged from 4,'3.5 to 68.7 bushels. 
HEGHESSION ANALYSIS AND OHTHOGONAL 
POLYNOMIALS 
Quadratic equations were considered to he the most 
appropriate type for estimating production functions 
involving stand. The orthogonal properties of the 
treatment combinations in this complete factorial 
experiment make it possible to fit quadratic equa-
tions by using orthogonal polynomials.l~ This method 
allows the computation of each regression coefficient 
independently of all others and makes it possible to 
obtain, more readily, the sums of squares due to the 
fitting of each coefficient. Besides involVing simple 
computations, the technique permits independent tests 
of significance to be made for each coefficient. 
The production surface equations obtained for var-
iety 801 and variety 4297, respectively, are 
? = 42.3879 + 0.0232N + 0.2200S - O.000029W -
0.001208S2 + 0.000453NS and (18) 
? = 34.8121 + 0.0675N + 0.3456S - 0.000446N!! -
0.001469S2 + 0.000614NS. (19) 
The IF for equation 18 is 0.6343, and the R!! for 
l2 Fur 11. de~c[il)tit)n ()f this ll·du1itlUl· set': Anderson, H. L. and Homil'. 
man, E. E. Tahles of (}rtho~onal polynomial vahll"s ('xt('nded to N==104. 
Iowa Agr. Exp. Stu. Res. Bill. 297. 1942 . 
TABLE 22. ANALYSES OF VARIANCE FOn THE QUADRATIC REGRESSION EQUATIONS 18 AND 19 FOR YIELDS OF CORX OX SEnlOUR 
SILT LOAM IN 1953. 
Source of 
variation 
Degrees of 
freedom 
Equation 18: regression 
of variety bO 1 
Equation 19: re!(ression 
__ -_-~o::.:f-v~a::::ricty.-4-=2-C..97'_;_:_-_",_---
Sum of squares ~Iean Square Sum of squares ~lt'nn Squl1re 
Total ... . ........... .47 
N. . .............. 1 
~" .. : : : : : : : . , . : :: : : : :: : .1 
s" .... , ... , .. ".,', .. " .. 1 
NS ... ". ,., .. , .... 1 
DeviatiOlls 
from 
regression ................ 42 
:\) Significant at 5"'lle]"cent level. 
3,603.27 
1,375.50 
646.16 
0.37 
179.41 
84.10 
1,317.73 
equation 19 is 0.4864. An analysis of variance for 
each regression is presented in table 22. The N:! co-
efficient is not significant for either equation. This is 
due, in part, to the small number of nitrogen levels 
included in the experiment and to the limited 
response to nitrogen. Neither the linear stand co-
efficient for variety 4297 nor the interaction coeffic-
ient for either equation are significant. No terms, 
however, were deleted for the economic alialysis 
which follows since (a) the original response model 
postulated a quadratic surface with interactions, (b) 
comparisons of the varieties would be difficult if the 
equations were not similar and (c) agronomic exper-
ience denies the possibility of a continued linear re-
sponse; i.e., other evidence indicates that diminishing 
returns from input factors are the rule. 
Examination of the coefficients of like variables in 
equations 18 and 19 indicates a difference in response 
of the varieties. Each coefficient in equation 19, 
variety 4297, is larger than the corresponding co-
efficient in equation 18 for variety 801. The coefficient 
for the linear stand term is larger in equation 19 than 
in equation 18 even though the sum of squares ex-
plained by that coefficient is much larger for equation 
18 than for 19. This may be explained as follows: 
The orthogonal equations must be transformed (de-
coded) if it is desired to express the equation in terms 
of the original variables. When this transformation is 
performed, it is found that the S~ and NS coefficients 
in the orthogonal equation contribute to the size of 
the linear stand coefficient (S). Since the S:! and NS 
coefficients are larger for equation 19 than for equa-
tion 18, the size of the S 'coefficient is increased until 
it is the larger of the two. Notice also that the yield 
intercepts of the equations are different; however, 
this has no meaning for this experiment, since there 
can be no yield when stand is zero and interest is in 
configuration of the functions, rather than in height 
of the response surface over the input plan(!. Actually, 
when stand is at a minimum and nitrogen is zero, 
the two equations predict similar yields (table 23). 
Because the varieties exhibit markedly different re-
sponses, the equations were not pooled for the follow-
ing economic analyses. 
PREDICTED YIELDS AND PHODUCTIOK SURFACES 
Yields predicted by equations 18 and 19 are pre-
sented in table 23. Each yield was calculated by 
substituting the appropriate combination of inputs 
listed in the table into the equations. For hoth var-
ieties, decreasing total yields due to stand are evid-
enced regardless of the level of nitrogen applications. 
1;:37";".50" 
3,928.87 
1,378.13 1,378.1:3' 
646.16' 26.27 26.27 
0.37 87.02 87.02 
179.41" 265.08 265.08' 
84.10 J54.45 154.45 
31.37 2,()l7.92 4'1.05 
TABLE 23. CORN YIELDS ON SEYMOUR SILT LOAM PREDICTED 
BY EQUATIONS 18 AND 19 FOR A.E.S. 801 AND IOWA 4297, 
RESPECTIVELY (Ill: BUSHELS PER ACRE). 
-======== Pounds o{! Numher of plants per aen' 
nitrogen 
_Il,,:..,acre _~. 8.000 10,000 12,000 14,000 16,000 18,000 20,000 
_______________ . _________ Vari~~ A.E~~O_I ________ _ 
o .. .., .. 52.26 .52.131 .'51.39 49.51 46.66 42.86 38.06 
40 ...... , .54.59 55.00 54.45 52.93 50.44 47.00 42.57 
80 ... ,., .. 56.83 .57.60 .57.41 .56.25 54.14 51.05 46.98 
120 ... " ..... 58.97 60.1l 60.28 59.49 57.73 55.01 51.30 
160 . ,61.03 62.53 63.06 62.63 61.23 58.88 55.53 
200" .62.99 64.8.'; 65.75 65.68 64.64 62.65 59.67 
---_." 
Vari"ty Iowa 4297 
0 .53.0fi 54.68 .'5.'5.13 54.41 52.50 49.4:3 45.18 
40 .57.07 59.12 flO.06 59.83 .58.42 55.84 .52.03 
80 ... , .. , .. 59.53 62.14 63.57 63.83 62.91 60.81 57.54 
120 ........ 60.63 63.73 64.65 66.40 65.97 64.37 61.57 
160 .60.30 63.88 66.30 67.54 67.60 66.49 64.21 
200' ... 58 . .'54 62.62 65.52 67.2.'5 67.81 67.18 65.39 
"The 200-pound rate of nitro!(t'n i, extrapolnted beyond exp.rimenhll 
limit •. 
For each nitrogen level, however, decreasing re-
turns begin at lower stand levels for variety 801 than 
for variety 4297. While variety 801 does not express 
decreasing returns from nitrogen at any level of stand, 
decreasing returns from nitrogen are present for var-
iety 4297 when stand is at the lower levels. Inter-
action between the inputs is more clearly in evidence 
for variety 4297. The varieties yield similarly at mini-
mum input levels; the highest yields for input com-
binations listed in table 23 differ only slightly. 
The production surface for variety 801 (fig. 9) shows 
clearly the decreasing total returns due to stand. Con-
trariwise, decreasing returns to nitrogen appear to pe 
negligible. This is consistent with the test of signifi-
cance which indicated N2, the coefficient of which 
gives diminishing returns from nitrogen, could be 
disregarded (see table 22). A positive interaction be-
tween the inputs causes the surface to slope upward 
more sharply from the left front corner to the left 
rear corner than it does from the right front corner 
to the right rear comer. It is this interaction which 
causes an increase in the amounts of stand needed 
to produce maximum yields as nitrogen applications 
are increased. 
The production surface for variety 4297 (fig. 10) 
djffers greatly from that for variety 801. Decreasing 
total returns are illustrated for each input at low 
levels of the other input. A relatively large positive 
interaction coefficient causes the slope of the surface 
with respect to nitrogen to ascend more steeply with 
increasing stand levels until decreasing total returns 
from nitrogen are no longer. present for the input 
ranges shown. Decreasing returns to stand are present, 
however, for all ranges of nitrogen. 
Yield response to nitrogen at different stand levels 
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or response to stand at various nitrogen levels may 
be compared by taking parallel cross-sections of the 
surface (the procedure is described more completely 
in a previous section). Differences in height (yield) of 
these curves are caused by changes in the "fixed" 
factor; their slope differences are caused by inter-
action between the inputs. The curves in figs. 11 and 
12 show the response of variety 801 to variable 
amounts of nitrogen and stand, respectively. The nitro-
gen curves demonstrate the almost linear response 
to nitrogen even more clearly than does the production 
surface (fig. 9). The response curves for stand (fig. 12) 
show small ranges of increasing total yields when 
nitrogen is held fixed at 0 and 80 pounds per acre. 
This range is increased somewhat when nitrogen is 
held at 160 pounds. Yield response of variety 4297 
to variable amounts of nitrogen and stand is depicted 
in figs. 13 and 14, respectively. Decreasing total re-
turns from nitrogen are present for low rates of stand 
inputs (8,000 and 12,000 plants per acre) but not for 
high rates of input (16,000 and 20,000 plants). Con-
trariwise, the curves in fig. 14 show decreasing yields 
due to stand for all nitrogen input levels. Differences 
in the slope of the curves in both fig. 13 and fig. 14 
are due to the large interaction between the variables. 
By combining the inputs in fixed proportions such 
as N = 2S, N = S, etc., the two inputs can be re-
garded as an aggregate input (see previous explana-
tion). Corn yield curves resulting from "aggregate 
inputs" of this type are presented in figs. 15 to 18. 
Figures 15 and 17 show, respectively, response of 
variety 801 and variety 4297 to nitrogen when stand 
is aPl?lied in various constant proportions with nitro-
gen. (Nitrogen is measured in pound units and stand 
is measured in 100-stalk units.) In either of these 
figures, the interaction between the inputs is shown 
clearly. For example, decreasing yields are evidenced 
at relatively low nitrogen inputs when 0.5S = N, 
but when the proportion is increased to 1.255 = N 
increasing yields are present for all rates of nitrogen. 
The curves in figs. 15 and 17 are shortened since 
their extension would involve extrapolation beyond 
the experimental limits. Response to stand when 
nitrogen is applied at various proportions of stand 
is depicted in figs. 16 and 18 for varieties 801 and 
4297, respectively. Yields are highest when nitrogen 
forms the largest proportion of the aggregate input. 
For example, the curve 0.8N = S is above the curve:> 
for 1.33N = S or 2N = S. Other response character-
istics discussed can be seen in these figures. 
MARGINAL PHYSICAL PRODUCTS 
The marginal physical products of stand and nitro-
gen, respectively, for variety 801 are expressed by 
and 
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- = 0.2200 - 0.00245 + 0.OO05N 
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while 
0"2' 
and 
- = 0.3456 - 0.0029S + 0.OOO6N 
oS 
0"2' . 
(22) 
- = 0.0675 .- 0.OOO9N + O.OOO6S, (23) 
oN 
express the respective marginal physical products for 
variety 4297. 
Because the inputs interact, the magnitude of the 
marginal physical product of one input is not inde-
pendent of the second input. If, for instance, in equa-
tions 20 or 22, the amount of nitrogen, the fixed in-
put, is increased, the marginal product of stand in-
creases. The same is true for equations 21 and 23, 
except that nitrogen is variable while stand is fixed. 
A comparison of coefficients of like variables in the 
marginal equations shows the marginal response of 
variety 4297 to either input to be initially larger but 
decreasing more rapidly than the marginal response 
of variety 801. This is consistent with the description 
of total yield response (see figs. 9 and 10) since the 
marginal products are the slopes of the production 
surfaces. By substituting combinations of inputs into 
equations 20 to 23, the predicted marginal products 
contained in table 24 were obtained. Part A of table 
24 presents marginal response of the varieties to stand 
when nitrogen is constant at three levels; part B of 
table 24 gives the marginal response to nitrogen when 
stand is held at three levels. These data quantify the 
concepts discussed thus far. For example, the lack of 
diminishing returns from nitrogen evidenced for var-
iety 801 is illustrated in part B of table 24 where, for a 
given number of plants, marginal response to nitrogen 
does not change appreciably. Or, the decreasing total 
yields due to stand for this variety are depicted in 
part A of table 24 by negative marginal products 
for all rates of planting above 8,000 plants fer acre. 
Setting equations 20, 21, 22 and 23 equa to zero 
and solving for variable input as a function of the 
fixed or constant input results in 
S = 91.2334 + 0.1875N; 
N = 400.3500 + 7.8103S; 
S = 117.6253 + 0.2090N; 
(24) 
(25) 
(26) 
and 
N = 75.6379 + 0.6883S. (27) 
Equation 24 corresponds to the solution of equation 
20, equation 25 to the solution of equation 21, etc. 
Hence, the input levels where the marginal product 
of either factor is zero depends on the level of the 
other factor. Values derived from these equations are 
presented in table 25. 
For variety 801, when no nitrogen is applied and 
stand is utilized until its marginal product is zero 
(9,123 plants per acre), the maximum yield is 52.41 
bushels per acre. Similarly, the maximum yield of 
variety 4297 for a plant population of 11,763 per acre 
is 55.14 bushels. Even when stand is used at the. 
minimum rate, the marginal product of nitrogen for 
variety 801 is not predicted to be zero until an ex-
tremely large amount, outside the range of observa-
tion,·is applied. This input level, far beyond the limits 
of the experimental data, is predicted or extrapolated 
because of only slight diminishing returns to nitrogen 
within the range of the experimental observations~ 
Contrariwise, a yield of 60.68 bushels is predicted for 
variety 4297 when stand is at the minimum and when 
130.71 pounds of nitrogen are used. 
By setting equations 22 and 23 equal to zero and 
solving them simultaneously, the maximum yield for 
variety 4297, 67.91 bushels per acre, was found to 
occur at input rates of 15,587 plants and 183 pounds 
of nitrogen per acre. The nitrogen input is extrap-
olated 23 pounds beyond the input range of the 
experiment. When this procedure is attempted for 
variety 801 . using equations 20 and 21, no positive 
input combination can be found to satisfy the equa-
tions. Hence, equation 18 for variety 801 does ndt 
TABLE 25. RATES OF INPUT AT WHICH THE MARGINAL 
PHYSICAL PRODUCT (MPP) OF ONE INPUT IS ZERO GIVEN 
VARIOUS RATES OF THE SECOND INPUT FOR CORN ON 
SEYMOUR SILT LOAM IN 1953. 
Pounds of 
nitrogen 
per acre 
o 
40 
80 
120 
160 
200 
I 
Number of plants at I 1 
which ¥PP of stand Number of Pounds per. acre a.t whlch 
IS zero. plants MPP of mtrogen IS zero. 
Var. SOl Var. 4297 per acre Variety SOl Variety 4297 
9,123 11,763 8.000 1,025.1S> 130.71 
9,S73 12.598 10,000 1.ISI.38 144.47 
10,623 13,434 12.000 1,337.59 158.24 
11,373 14,270 14,000 1,493.80 172.01- .,. 
12,123 15,108 18,000 . 1.850.00 185.7S· 
12,873 15,942 18,000 1,806.21 199.55 .. 
20,000 1,962.42 213.32 
> Inputs of this size or larger are beyond the runge of the empirical dati>. 
TABLE 24. MARGINAL PHYSICAL PRODUCTS (MPP) OF NITROGEN AND STAND ON SEYMOUR SILT LOAM EXPRESSED IN BUSHELS 
OF CORN. 
A. Marginal physical product of stand when nitrogen is applied at three rates; bushels per 100 plants per acre. 
Number of Variety 801 Variety 4297 
plants Pounds of nitrogen per acre Pounds of nitrogen per acre 
per acre 0 SO._~~~_--.;SO._~ ______ 0::..-_____ ..::cSO::..-______ ::..:16::.::0_ 
8,000 0.03 0.06 0.10 0.11 0.16 0.21 . 
12,000 -0.07 -0.03 0.00 -0.02 0.04 0.09 
18,000 -0.17 -0.13 -0.09 -0.12 -0.08 -0.03 
20,000 -0.26 -0.23 -0.19 -0.24 -0.19 -0.14 
B. Marginal physical product of nitrogen when stand is fixed at three rates; bushels per pound of nitrogen per acr" 
Pounds of Variety 801 Variety 4297 
nitrogen Number of plants per acre Number of plants per acre 
per acro 8,000 14,000 20,000 S,OOO 14,000 20,000 
0 0.06 0.09 0.11 0.12 0.15 0.19 
40 0.06 O.OS 0.11 0.08 0.11 0.15 
80 0.05 0.08 0.11 0.05 0.08 0.12 
120 0.05 0.08 0.11 0.01 0.05 0.08 
160 0.05 0.08 0.10 -0.03 0.01 0.05 
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predict a maximum yield even though decreasing 
returns are evidenced for each input. This paradox 
may be explained as follows: The coefficient of N:l 
has been shown to be negligible relative to the linear 
response of nitrogen. When stand is constant, this 
negative N2 coefficient will eventually drive the marg-
inal product of nitrogen to zero; that is, the coefficient 
causes decreasing returns. But the coefficient of N2 
is also small relative to the coefficient of the inter-
action term. Thus, when both inputs are allowed 
to vary, the decreasing returns to nitrogen are more 
than offset by increases in yield caused by the inter-
action between nitrogen and stand. This results in 
increasing returns from nitrogen. Reasons for the 
minute size of the N:l coefficient have been discussed 
previously. 
Because of the peculiarities of the production func-
tion for variety 801, it is not suitable for the following 
economic analysis, since decreasing returns is an 
underlying assumption of such an analysis. Variety 
801 has been included in the study thus far, however, 
to demonstrate possible differences in response which 
can be expected from two corn varieties subjected to 
similar growing conditions. All discussion that fol-
]ows will be for variety 4297. 
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YIELD ISOQUANTS 
Yield isoquants for variety 4297, derived from the 
isoquantequation 
S = 117.6253 + O.2089N -+- 340.3676 (0.3240 + 
0.OOO8208N - O.000002244N2 - O.005876Y) 'h (28 ) 
are presented in fig. 19. These isoquants have the 
same general characteristics as those for the Marshall 
soil; i.e., decreasing rates of substitution and diminish-
ing returns. A ratio of marginal product equations 
such as 
oN 562.8388 - 4.7850S + N, 
-as = 109.8844 - 1.4528N + S (29) 
allows prediction of the marginal rates of substitution 
between the inputs. Or, since the marginal rates of 
substitution are the slopes of the isoquants, equation 
29 can be used to find the slope of equation 28 for 
any input combination. The dashed lines in fig. 19 
are the ridgelines representing the limits of substitu-
tion for the inputs. On ridgelines, either the numera-
tor or the denominator of equation 29 is zero since 
the slope of the isoquant is, in one case, zero, and, 
in the other, infinite. Hence, input combinations at 
which the marginal products are zero (table 25) fall 
exactly on one of the two ridgelines. 
A portion of the data used to draw fig. 19 is pre-
sented in table 26. This table includes combinations 
of nitrogen and stand needed to produce com yields 
of 60, 62, 64 and 66 bushels per acre and marginal 
rates of substitution for each combination in table 
26. As the quantity of input increases, its rate of sub-
stitution for the other input decreases. Thus, for a yield 
of 60 bushels, an increase of nitrogen from 40 to 100 
pounds causes the marginal rate of substitution of 
nitrogen for stand (as/oN) to fall from 4 to 0.15. 
Similar effects can be seen for increases in stand. 
Graphically, this phenomenon causes the isoquants in 
fig. 19 to be convex to the origin. 
YIELD ISOCLINES 
Yield isoclines are least-cost expansion paths: 'ob-
tained by equating the ratio of the marginal products 
to a particular price ratio. . 
The isocline equation, 
S=(0.OO0614a+0.000892)N +0.345583a-0.067 469, 
(0.000614 + 0.002938a) (30) 
expresses stand as a function of nitrogen and the 
Px/Ps price ratio, a. Isoclines derived from this 
equation are presented in fig. 19. The isoclines labeled 
6 to 12 are most relevant for current nitrogen (per 
pound) and stand (per 100 stalks) prices. The slopes 
of the isoquants are almost vertical at points of inter-
section with these isoclines. Thus, at present prices, 
stand should be used until its marginal product is 
close to zero; that is, least-cost combinations of stand 
and nitrogen do not differ greatly in cost from those 
falling on the ridgeline where the marginal product 
of stand is zero. 
TABLE 26. COMBINATIONS OF NITROGEN (UNITS OF 1 POUND) AND STAND (UNITS OF 100 PLANTS) NEEDED TO PRODUCE 
GIVEN CORN YIELDS AND CORRESPONDING MARGINAL RATES OF SUBSTITUTION (MRS) ON SEYMOUR SILT LOAM PLANT-
ED TO VARIETY IOWA 4297. 
Yield = 60 bushel. 
Pound. as aN 
of Stand MRS-- MRS--
nitrogen aN as 
40 ............... 117.05 4.00 0.25 
60 · .... ,., ....... 91.94 0.62 1.60 
80 · ........ -..... 83.02 0.31 3.20 
100 .............. . 78.52 0.15 6.66 
Yield = 64 bushels 
Pounds as 'ON 
of Stand MRS-- MRS--
nitrogen ilN as 
90 · .............. 115.89 0.96 1.04 
100 · .............. 108.88 0.52 1.93 
120 · .............. 102.25 0.20 5.13 
130 ............... 100.08 0.10 9.66 
The isoclines and ridgelines converge at the point 
of maximum yield. At this point the marginal product 
of both inputs is zero. In fig. 19 this point of con-
vergence occurs with use of 15,587 plants per acre 
and 183 pounds of nitrogen; the resulting yield is 
67.91 bushels per acre. 
ECONOMIC OPTIMA 
The above analysis permits specification of condi-
tions which must be attained to fulfill conditions of 
economic optima. These conditions are (a) selection of 
appropriate isocline (expansion path) as determined by 
the price ratio (PN/Ps ) and (b) movement along that 
isocline until marginal cost equals marginal revenue 
(see discussion for Marshall soil). 
The combination of inputs denoted by the inter-
section of an isoquant and isocline will minimize the 
cost of producing the yield level specified for the 
isoquant given the price ratio specified for the iso-
cline; input combinations of this type are presented 
in table 27. For example, to produce 66 bushels of 
corn at minimum cost when the Px/Ps price ratio 
is 18, 108 pounds of nitrogen and 14,000 plants per 
acre would be used. Table 27 suggests, as does table 
17 for Marshall soil, that within the range of relevant 
price ratios substitution effects between the inputs are 
small. In the presence of decreasing marginal rates 
of substitution, this is caused by the low stand price 
TABLE 27. COMBINATIONS OF NITROGEN AND STAND WHICH 
WILL MINIMIZE COSTS OF PRODUCING SPECIFIED CORN YIELDS 
OF VARIETY IOWA 4297 FOR VARYING RESOURCE PRICES ON 
SEYMOUR SILT LOAM IN 1953. 
Yield level p,; 
bushels -- price ratio' 
per acre Po 
60 ............ 6 
60 ............ 12 
60 ............ 18 
66 ............ 6 
66 ............ 12 
66 ............ 18 
Optimum number 
of pounds of 
nitrog('11 per acre 
40 
40 
40 
111 
110 
108 
Optimum number 
of plants per 
acre 
11,950 
12,280 
12.400 
13,780 
13,930 
14,000 
• Stand nnee is in tenns of 100 plants, and nitrogen price i. per pound. 
Yield = 62 bushels 
POWlds as aN 
of Stand MRS-- MRS-_ 
nitrogen aN as 
60 · ................ 120.14 3.03 0.33 
80 . ........ " ...... 98.65 0.54 1.85 
100 ..-., ............ 91.20 0.24 4.07 
120 ................. 87.95 0.09 10.87 
Yield = 66 bushels 
Pounds as aN 
of Stand MRS-- MRS--
nitrogen aN as 
120 · .... : ........... 126.08 0.77 1.29 
130 ................. 120.77 0.36 2.76 
140 · ................ 118.14 0.18 5.85 
150 · ................ 116.98 0.06 17.10 
(cost) which forces the isocline up near the ridge-
line where stand necessarily substitutes for nitrogen 
at a very low rate. Hence, because of rounding, 40 
pounds is the predicted amount of nitrogen needed 
to produce 60 bushels of corn regardless of the price 
ratio (for ratios included in table 27). 
The profit-maximizing input quantities included in 
table 28 were obtained by solving equations 22 and 
2.'3 simultaneously after equating them to the ap-
propriate price ratios. Increases in profit were cal-
culated using the initial yield (N = 80, S = 8,000) in 
table 23 as the base. The profit figure includes only 
the cost of the two inputs considered.1s 
Because stand costs are small relative to corn prices, 
variations of stand costs, within the relevant range, 
cause only slight changes in stand usage and the re-
sulting profit. For example, when corn is priced at 
$1.60 per bushel and nitrogen costs $0.08 per pound, 
predicted amounts of stand are 13,974, 13,850 and 
13,723 plants per acre for stand costs of $0.01, $0.015 
and $0.02 per hundred plants (situation 1, 4 and 7). 
And, for these same price situations, the predicted 
profit is $11.16, $10.87 and $10.58 per acre. Similar 
results can be found in table 28 by comparing, for 
example, situations 3, 6 and 9, or situations 19, 22 
and 25. 
For the Shelby and Marshall soils, it was shown 
that maximum profits per acre do not change signifi-
cantly when stand is used until its marginal product 
is zero. That is, stand costs are so low they can be 
regarded as zero without any loss in profit. The same 
is true for this experiment on Seymour soil. For situa-
tions 1, 2 and 3, the combinations of nitrogen and 
stand which would be used if the cost of stand were 
zero are 117.47 pounds and 14,220 plants, 102.43 
pounds and 13,906 plants and 78.20 pounds with 13,399 
13 Sec the discussion of costs for the Shelby and Marshall soils. Confid-
enCe limits have not been derived for the Seymour data since the 
method used to fit the equation (orthogonal polynmnials) precludes 
easy calculation of such limits. 
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TABLE 28. OPTIMUM RATES AND COMBINATIONS OF FERTILIZER AND PLANTS PER ACRE FOR SPECIFIED CORN AND INPUT 
PRICES. 
Profit per acre Price per unit Optimum inputs Predicted from use of opti-
Situation Com per N per Cost of Pounds of Number yield in mum combination 
nwnher bushel pound 100 plants nitrogen of plant< . bushels per acre of inputs-
1 .. $1.60 $0.08 SO.01 115.78 13,974 66.19 $11.16 
2 1.30 0.08 0.01 100.34 13,603 65.30 7.34 ............. 
3 .. , .... , ..... 1.00 0.08 0.01 75.46 13,002 63.49 3.90 
4 ., ........... 1.60 0.08 0.015 114.93 13,850 66.14 10.87 
5 · . . . . . . , . . . . . 1.30 0.08 0.015 99.27 13,448 65.22 7.06 
6 ............. 1.00 0.08 0.015 74.09 12,803 63.36 3.66 
7 1.60 0.08 0.02 114.06 13.723 66.08 10.58 
8 ....... , ... , . 1.30 0.08 0.02 98.23 13,297 65.14 6.80 
9 · . . . . . . . . ... 1.00 0.08 0.02 72.72 12.604 63.21 3.42 
10 ............. 1.60 0.13 0.01 74.93 13,120 63.46 6.40 
11 · . . . . . . . . 1.30 0.13 0.01 49.92 12.550 61.15 3.59 
12 · . . . . 1.00 0.13 0.01 9.98 11,634 56.48 1.77 
74.08 12.997 63.38 6.15 13 1.60 0.13 0.015 ........ ,' . 
0.015 48.86 12,395 61.03 3.36 14 1.30 0.13 ....... , ..... 
0.015 8.61 11,435 56.28 1.60 15 1.00 0.13 
16 · . . . . . . . . . . . . 1.60 0.13 0.02 73.20 12,870 63.29 5.89 
17 ............. 1.30 0.13 0.02 47.82 12,244 60.91 3.15 
18 · . . . . . . . . . . . . 1.00 0.13 0.02 7.24 11,237 56.06 1.42 
19 ............. 1.60 0.15 0.01 58.56 12,778 62.00 5.06 
29.89 12,132 58.96 2.79 20 ............. 1.30 0.15 0.01 
11.426 55.12 1.73 21 ............. 1.00 0.15 0.01 0 
22 1.60 0.15 0.015 57.70 12,655 61.92 4.84 ............. 
0.15 0.015 28.82 11.977 58.83 2.59 23 · . . . . . . . . . . . . 1.30 
55.10 1.56 24 ............. 1.00 0.15 0.015 0 11,255 
25 1.60 0.15 0.02 56.83 12.528 61.82 4.60 
26 1.30 0.15 0.02 27.78 11.825 58.69 2.40 · . . . . . . . . . . . . 
27 · . . . . . . . . . . . . 1.00 0.15 0.02 0 55.07 1.40 
• C;)mputed on the assumptiun that a minimum of 8,000 plants per acre woul,l always be used. 
11,085 
plants, respectively. These approximate the situations 
in table 28 which have the lowest nitrogen and stand 
costs. Situations 25, 26 and 27 have the highest nitro-
gen and stand costs in the table. If the price of stand 
were zero, optimum combinations for these situations 
would be 60.12 pounds with 13,021 plants, 31.83 
pounds with 12,430 plants, and zero pounds with 
11,483 plants, respectively. The largest deviation b~­
tween the stand figures presented here with those ill 
table 28 is for situation 27. This difference is 398 
plants per acre. It occurs, as would be expected, in 
the situation with the highest stand prices, although 
the costs of stand within the relevant range have little 
effect on the optima. Since the change in the optimum 
combination of inputs is very small, corresponding 
losses in profit are also small.14 
Recommended use of nitrogen and resulting profits 
vary extensively with corn and nitrogen price varia-
tions. For situations 1 to 3, optimum nitrogen level 
falls from 115.78 to 75A6 pounds per acre, respective-
ly, when corn prices fall from $1.60 to $1 per bush~l. 
Profits drop from $11.16 to $3.90, a fall of $7.26 1ll 
profit per acre. Likewise, a similar decrease in corn 
prices in situations 19 and 21 causes nitrogen use to 
fall from 58.56 to zero pounds per acre while profits 
drop by $3.33 per acre. In situations 1 to 3, the nitro-
gen price of $0.08 per pound approaches present costs 
of nitrogen in anhydrous ammonia; nitrogen, costs 
for situations 19 to 21 ($0.15) represent approximate 
costs of nitrogen in solid fertilizer. Thus, while devia-
tions in nitrogen use and resulting profits among 
situations 1 to 3 or situations 19 to 21 are due to 
variations in corn prices, differences between these 
groups are due to variations in nitrogen prices. In 
general, for similar corn prices, profits for the low 
nitrogen prices are twice those for the high prices. 
And, as might be expected, rates of use and resulting 
profits fall between these extremes when nitrogen is 
$0.13 a pound as in situations 10 to 12. Other com-
14 See similar profit "losses" for the Marshall and Shelby experiments. 
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parisons can be found in table 28 to show similar 
relationships. 
LIMITED CAPITAL 
In the analysis so far, it is assumed that the farm 
operator has unlimited capital. In practice, however, 
this usually is not a realistic situation. Or, given 
future uncertainties, a farmer with sufficient capital 
may prefer input combinations which involve less 
risk than optimum combinations. For these reasons, 
this section contains nitrogen and stand combinations 
to be used if the farmer desired, in one of the above 
situations, to use only half the "optimum" amounts 
of nitrogen presented in table 28. It is supposed the 
farmer will be able to attain optimum rates for stand. 
Table 29 contains input combinations, yields and 
profits resulting when half the optimum. of nitroge~ 
is combined with quantities of stand whICh are optI-
mum for the reduced nitrogen inputs. 
Effects of prices on input combinations and profits 
are similar in tables 28 and 29. Profits and input 
amounts change only slightly with changes in stand 
costs but vary widely for changes in corn and nitro-
gen prices. Of more interest, however, is the absolute 
and relative reduction in profit because of the use 
of reduced inputs. In terms of eit~er measure? lo~ses 
in profit appear to be sm~ll. ~he I?rIce. of corn IS hIgh-
est relative to input prIces III SItuation 1, but only 
$2.04, or 18.28 percent, of the maximum profit is lost 
by using reduced inputs. Losse~ decrease ~s i?-put 
prices increase relative !O corn pr~ces. Hence.' m SItua-
tion 18, where input prIces are lughest relatIve to the 
corn price, no ~rofit is l~st becaus~ of the redu?ed 
inputs. (Input prIces are hlgher re~atIv.e to .com prIces 
in situations 21, 24 and 27 than III SItuatIon 18, but 
nitrogen use is not recommended in these sihlations.) 
For the Marshall experimental data, percentage re-
ductions in profits were largest when absolute re-
ductions were smallest (see table 20). In general, 
these two measurements vary together in table 29. In 
situation 1, $2.04 or 18.28 percent was lost while $0.10 
TABLE 29. RATES AND COMBINATIONS OF FERTILIZER AND PLANTS PER ACRE FOR SPECIFIED CORN AND INPUT PRICES GIVEN 
THAT NITROGEN IS USED AT HALF THE RATES DETERMINED IN TABLE 28. . 
l'nce per unit Reduced inputs Predicted Profit from Reduction in Reduction in profits 
Com eost of Pounds Number com yield use of reduced profits obtained expressed as a 
Situation N per 100 of of in bushels nitrogen and from use of percentage of the 
number 
per 
bushel po~d plants nitrogen plants per acre stand- reduced inputs original profit 
1 ..... $1.60 $0.08 $0.01 57.89 12,767 61.94 $9.12 $2.04 18.28 
2 1.30 0.08 0.01 50.17 12,555 61.18 6.10 1.24 16.89 
3 1.00 0.08 0.01 37.73 12,214 59.85 3.36 0.54 13.85 
4 1.60 0.08 0.015 57.47 12,650 61.89 8.85 2.02 18.58 
5 1.30 0.08 0.015 49.64 12.411 61.U 5.85 1.21 17.14 
6 1.00 0.08 0.015 37.05 12,029 59.75 3.13 0.53 14.48 
7 1.60 0.08 0.02 57.03 12,532 61.84 8.59 1.99 18.81 
8 1.30 0.08 0.02 49.12 12,271 61.04 5.59 1.21 17.79 
9 1.00 0.08 0.02 36.36 U,845 59.64 2.91 0.51 14.91 
10 1.60 0.13 0.01 37.47 12,338 59.83 5.55 0.85 13.28 
U 1.30 0.13 0.01 24.96 12,029 58.38 3.28 0.31 8.64 
12 1.00 0.13 0.Dl 4.99 U,530 55.80 1.75 0.02 1.13 
13 1.60 0.13 0.015 37.04 12,223 59.78 5.32 0.83 13.50 
14 1.30 0.13 0.015 24.43 11,885 58.30 3.07 0.29 8.63 
15 1.00 0.13 0.015 4.31 U,345 55.70 1.59 0.01 0.63 
16 1.60 0.13 0.02 36.60 12,105 59.71 5.08 0.81 13.75 
58.22 2.86 0.29 17 1.30 0.13 0.02 23.91 11,745 9.21 
18 1.00 0.13 0.02 '3.62 11,161 55.57 1.42 0.00 0.00 
19 1.60 0.15 0.01 29.28 12,167 58.90 4.55 0.51 10.08 
20 1.30 0.15 0.01 14,95 11,820 57.13 2.68 0.11 3.94 
0.00 0.00 21 1.00 0.15 0.01 0 11,426 55.12 1.73 
22 1.60 0.15 0.015 28.85 12,052 58.84 4.33 0.51 10.54 
3.86 23 1.30 0.15 0.015 14.41 11,676 57.05 2.49 0.10 
1.56 0.00 24 1.00 0.15 0.015 0 11,255 55.10 0.00 
25 1.60 0.15 0.02 28.42 U,934 58.78 4.12 0.48 10.43 
26 1.30 0.15 0.02 13.89 11,535 56.97 2.31 0.09 3.75 
55.07 1.40 27 1.00 0.15 0.02 0 U,085 0.00 0.00 
a Computed on the assumption that a minimum of 8,000 plants per acre would always be used. 
or 3.86 percent was foregone in situation 23. This 
suggests, for conditions four:td in the Seymour experi-
ment, that when maximum profits are small little is 
lost by using reduced amounts of inputs. Hence, 
losses in productive efficiency are small because of 
the farmer's unwillingness or inability to achieve 
the maximum profit position. Also, when input prices 
are high relative to com prices, the farmer likely 
is least tempted to gamble on the future; and, in 
this case, he foregoes little profit by not doing so. 
IMPLICATIONS OF EXPERIMENTS 
This was an exploratory study undertaken to exam-
ine the effects of plant population (stand) on com 
yields. Stand was the only input allowed to vary 
for the experiment on Shelby soil; the Marshall and 
Seymour soils include stand and nitrogen as variables. 
Two com hybrids, a late and an early' variety, were 
included in each eXI?eriment. 
Stand costs (prices) were found to be small relative 
to corn prices. This indicated two possibilities: (a) 
Large profits can result from increasing stand until the 
optimum input rate is reached since costs per unit 
of stand are virtually zero, and (b) profits resulting 
from optimum use of stand do not vary significantly 
from profits resulting from inputs of stand at which 
the marginal product of stand is zero because, again, 
stand costs are approaching zero. When nitrogen is 
included in the analysis, interaction between the in-
puts causes the optimum amount of stand to be a 
function of the price of nitrogen. In fact, this study 
indicates that recommendations for stand and plant 
nutrients are not independent of each other. 
In two of the three experiments, the varieties re-
sponded differently. For the Shelby experiment, the 
early hybrid (Iowa 4297) gave the smallest initial 
yields but out yielded the other variety at high input 
levels. Contrariwise, it appeared that the early hybrid 
consistently yielded more in the Seymour experiment. 
While more data would be needed to draw valid 
inferences, this study does demonstrate differences in 
response obtainable from two corn varieties subjected 
to similar growing conditions.· That is, even when 
subjected to like environments, com varieties may 
vary in their yielding abilities. Hence, a farm operator 
may diversify each year by planting some combination 
of acreages of two or more com varieties. In so doing, 
he could reduce the variance of com yields over time. 
Finally, information contained herein can be utilized 
when designing experiments including stand as a vari-
able. Traits of stand discussed above indicate that, 
with respect to stand alone, planting rates should be 
high enough to estimate the maximum yields re-
sulting from stand. This follows from the postulate 
that stand should be used until its marginal product 
is zero. Further, since interactions of stand with plant 
nutrients appear highly important, care should be 
taken to estimate these interactions as accurately as 
possible. Finally, even when stand is not included as 
a variable, the stand should be at levels consistent 
with planned fertility so that stand does not limit 
yields. 
SUMMARY 
This study includes statistical and economic analyses 
of three production function studies for com in Iowa. 
The purpose of the experiments and statistical analyses 
was to derive production surfaces, isoquants, isoclines, 
optimum stand and nutrient combinations and profit-
maximizing rates of nitrogen fertilization. Each of the 
three experiments included stand of com as a variable. 
An experiment including only stand as a variable was 
conducted on Shelby loam (Ringgold County) in 
1956. Another experiment including stand and nitrogen 
as variables was conducted on Marshall silt loam (Fre-
mont County) in 1953. A third experiment, also in-
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cluding stand and nitrogen as variables, was conduct-
ed on Seymour silt loam (Wayne County) in 1953. 
Seasonal rainfall was below normal at all experimental 
locations, and, in applying these results, this fact and 
the fact that these locations are in south-central and 
southwestern Iowa must be kept in mind. 
STAND ON SHELBY LOAM IN 1956 
The experiment on Shelby loam included two 
varieties of corn, A.E.S. 801 and Iowa 4297. The re-
spective production functions which resulted are 
'£' = 17.6943 + 0.7545S - 0.00221582, and (a) 
? = 25.8238 + 0.4915S - 0.000868S2, (b) 
where·? is predicted com yield in bushels per acre 
and S is stand of corn in units of 100 plants per acre. 
The corresponding marginal product equations are 
d? 
-- = 0.7545 - 0.004431S, and 
dS 
d? 
-- = 0.4915 - 0.00174S, 
dS 
respectively. 
(c) 
(d) 
Using the latter functions to predict optimum stand 
rates, it was determined that, without fertilization, 
stand rates should approximate those which maximize 
per-acre yield. This same rate should be used regard-
less of prices for com and seed because the marginal 
cost of stand is so close to zero. As is indicated in 
sections which follow, however, optimum stand rates 
may vary with prices when fertilizer also is a variable. 
STAND AND NITROGEN ON MARSHALL SILT LOA-'ll 
IN 1953 
The logically acceptable production function equa-
tion for both varieties derived for Marshall silt loam is 
1" = 27.5963 + 0.2051N + 0.35538 - 0.OO0641N!! 
- 0.00129882 + 0.OOO625N8 (e) 
where 1" and S are measured as above and N is nitro-
gen level in pounds per acre. The marginal physical 
product equations for Sand N are presented in 
O'£' 
- =0.3553 - 0.0026S + 0.0006N, and (f) 
oS 
O'£' 
-- = 0.2051 -- 0.00l3N + 0.0006S, (g) 
oN 
respectively. 
Levels at which marginal products of stand are zero 
are derived from 
S = 136.8798 + 0.2408N, (h) 
while levels of zero marginal products for nitrogen 
are derived from 
N = 159.9953 + 0.48758. (i) 
The isoquant equation derived from the production 
function is 
S = 136.88 + 0.2408N ±385.208 [0.2695 + 
0.0015N - 0.000003N:! - 0.0052Y] v.. (j) 
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The corresponding equation of marginal substitu-
tion rates is 
oS 328.1824 - 2.0512N + S ;N - 568.5440 - 4.1536S + N, 
while the isocline equation is 
(k) 
S = a(0.3553 + 0.0006N) - 0.2051 + 0.0013N, (I) 
0.0006+ a(0.0026) 
where a is price ratio of stand to nitrogen. 
The family of isoclines converged at the maximum 
yield of 89.3 bushels, with 257 pounds of nitrogen 
and 19,873 plants per acre. The most profitable yield 
level was lower, however, since it considers prices 
for corn, and fertilizer and seed. 
For profit maximization, stand level should bc 
changed with different prices for corn and nitrogen. 
Stand level need not be changed, however, when 
the price of the stand variable alone changes. Stand 
levels can, from a practical viewpoint, be varied 
along the stand ridgeline (isocline denoting zero 
marginal rate of substitution of stand for nitro-
gen), the optimum location depending on corn and 
nitrogen prices. 
Isoquants denoting least-cost combinations of stand 
and nitrogen for given yield levels were computed. 
These are presented in the text in both tabular and 
graphic form along with other relevant quantities, 
such as production surfaces and input-output curves. 
STAND AND NITHOGEN ON SEYMOUR SILT LOAM 
IN 1953 
A separate production function was derived for 
corn varieties 801 and 4297. The R2'S for the equations 
expressing the yields of the two varieties were 0.6343 
and 0.4864, respectively. The analyses of variance for 
the two regressions are those presented in table 22. 
The production surfaces predicted for both varieties 
showed ranges of both increasing and decreasing 
marginal products. The curvature of the surface was 
greater for variety 4297. Because of the interaction 
term in the regression equations, the marginal physical 
product of one variable depended on the magnitude 
of the other variable in equations for both varieties. 
For variety 4297, maximum yield at the point of 
isocline covergence was 68 bushels, defined by a 
stand of 15,587 plants and 183 pounds of nitrogen. 
Again, of course, the optimum stand and nitrogen 
levels depend on the prices for corn and fertilizer. 
Changes in the price of seed alone do not require 
changes in stand, if profit is to be maximized. For 
maximum profits, however, stand level does need 
to change with variations in prices for corn and 
fertilizer. In this sense, the findings for Seymour silt 
loam parallel those for Marshall silt loam. 
Other physical and economic quantities are derived 
in the text for the experiment on Seymour soil. They 
are presented in tabular and graphic form and illust-
rate some differences in the response functions for 
varieties 801 and 4297. Differences denoted are in 
marginal products and marginal substitution rates 
for stand and nitrogen. 
